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Abstract 

The spectral functor of an ergodic action of a compact quantum group 
G on a unital C*-algebra is quasitensor, in the sense that the tensor 
product of two spectral subspaces is isometrically contained in the spectral 
subspace of the tensor product representation, and the inclusion maps 
satisfy natural properties. We show that any quasitensor *-functor from 
Rep(G) to the category of Hilbert spaces is the spectral functor of an 
ergodic action of G on a unital C* -algebra. 

As an application, we associate an ergodic G-action on a unital G*- 
algebra to an inclusion of Rep(G) into an abstract tensor G*-category 
7. 

If the inclusion arises from a quantum subgroup K of G, the asso- 
ciated G-system is just the quotient space K\G. If G is a group and T 
has permutation symmetry, the associated G-system is commutative, and 
therefore isomorphic to the classical quotient space by a subgroup of G. 

If a tensor G*-category has a Hecke symmetry making an object p of 
dimension d and ^i-determinant 1 then there is an ergodic action of Sp,U(d) 
on a unital G*-algebra having the (i, p r ) as its spectral subspaces. The 
special case of S l _ l U{2) is discussed. 

1 Introduction 



A theorem in [Hj asserts that any abstract tensor C*-category with conjugates 
and permutation symmetry is the representation category of a unique compact 
group, thus generalizing the classical Tannaka-Krein duality theorem, where 
one starts from a subcategory of the category of Hilbert spaces (see, e.g., [b"i]b 
The content of this paper fits into the program of generalizing the abstract 
duality theorem of [5] to tensor C*-categories without permutation symmetry. 
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Our interest in this problem is motivated by the fact that tensor C*-categories 
with conjugates, but also with a unitary symmetry of the braid group, arise 
from low dimensional QFT [ID] . 

In [25], [26] and [27] Woronowicz introduced compact quantum groups, and 
generalized the classical representation theory of compact groups. He proved a 
Tannaka-Krein duality theorem, asserting that the representation categories of 
compact quantum groups are precisely the tensor ""-subcategories of categories 
of Hilbert spaces where every object has a conjugate. This theorem allowed him 
to construct the quantum deformations S^C/(d) of the classical SU(d) groups 
by real a parameter \x. 

Therefore if a tensor C*-category T with conjugates can be embedded into 
a category of Hilbert spaces, then T is necessarily the representation category 
of a compact quantum group. 

In [17] the first named author characterized the representation category of 
Sfj,U(d) among braided tensor C*-categories T with conjugates. It follows that 
if an object p has a symmetry of the Hecke algebra type H^p?) making p 
of dimension d and with /^-determinant one, then there is a faithful tensor 
"-functor Rep{S^U{d)) -» T. 

The notion of subgroup of a compact quantum group G was given by Podles 
in [2D] , who computed all the subgroups of the quantum SU(2) and 50(3) 
groups. In the same paper the author introduced quantum quotient spaces, and 
he showed that these spaces have an action of G which splits into the direct sum 
of irreducibles, with multiplicity bounded above by the Hilbert space dimension. 

Later Wang proved in [23 that compact quantum group actions on quotient 
spaces are ergodic, as in the classical case, and he found an example of an 
ergodic action on a commutative C*-algebra which is not a quotient action. 

It turns out that a compact quantum subgroup K of G gives rise to an 
inclusion of tensor C*-categories Rep(G) — > Kep(K), and that, by Tannaka- 
Krein duality, every tensor *-inclusion of Rep(G) into a subcategory of the 
category of Hilbert spaces, taking a representation u to its Hilbert space and 
acting trivially on the arrows, is of this form. 

In the case where a tensor "-inclusion p : Rep(G) — > T into an abstract 
tensor C*-category is given, it is natural to look for a tensor "-functor of 7 into 
the category of Hilbert spaces, acting as the embedding functor on Rep(G). This 
amounts to asking whether p arises as an inclusion associated with a quantum 
subgroup of G. 

The aim of this paper is twofold. Assume that we have a tensor "-inclusion 
p : Rep(G) — > T. The first result is the construction of a unital G*-algebra 25 
associated with the inclusion, and an ergodic action of G on 25 whose spectral 
subspaces are the spaces (t, p u ), where u varies in the set of unitary irreducible 
representations of G. The relevance of this construction to abstract duality 
for compact quantum groups will be discussed elsewhere [7]. We exhibit two 
interesting particular cases of this construction. 

If T = Rep(if), with K a compact quantum subgroup of G, the ergodic 
system thus obtained is just the quotient space K\G (Theorem 11.1). If in- 
stead G is a group and T has a permutation symmetry, then 25 turns out to be 
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commutative, and can therefore be identified with the C* -algebra of continuous 
functions over a quotient of G by a point stabilizer subgroup (Theorem 10.2). 

We apply our construction to the case where an abstract tensor C* -category 
T has an object of dimension d and /i-determinant one and we find ergodic en- 
actions of S ll U{d) (Theorem 10.3). We also discuss the particular case where 
d= 2 (Cor. 10.5). 

Our second aim is to characterize, among all ergodic actions, those which 
are isomorphic to the quotient spaces by some quantum subgroup. By a well 
known theorem by H0egh-Krohn, Landstad and St0rmer [11], an irreducible 
representation of a compact group G appears in the spectrum of an ergodic 
action of G on a unital C*-algebra with multiplicity bounded above by its 
dimension. 

As a generalization to compact quantum groups, Boca shows that the mul- 
tiplicity of a unitary irreducible representation of the quantum group in the 
action is, instead, bounded above by its quantum dimension [3]. 

In [5], Bichon, De Rijdt and Vaes construct examples of ergodic actions of 
SfJJ{2) in which the multiplicity of the fundamental representation can be any 
integer n with 2 < n < /i+ i. Therefore these actions are not on quotient spaces 
of SfjU(2). They also give a simpler proof of Boca's result by introducting 
a new invariant, the quantum multiplicity of a spectral representation, which 
they show to be bounded below by the multiplicity and above by the quantum 
dimension. The main tool for constructing their examples is a duality theorem, 
proved in that paper, between ergodic quantum actions for which the quantum 
multiplicity equals the quantum dimension, and certain maps associating to any 
irreducible representation of G a finite dimensional Hilbert space, and to any 
intertwining operator between tensor products of irreducible representations, a 
linear map between the tensor products of the corresponding associated Hilbert 
spaces, respecting composition, tensor products and the *-involution. 

In our generalization to the case where the quantum multiplicity is not max- 
imal, our main tool is the spectral functor associated with a generic ergodic 
action (Sect. 7). This is the covariant *-functor that associates to any unitary, 
finite dimensional representation u of G, the dual space L u of the space all mul- 
tiplets in CB transforming like u under the action r\. The space L u , by ergodicity, 
is known to become a Hilbert space in a natural way. 

We stress that the functor L satisfies two crucial properties: the first one is 
that L M g„ naturally contains a copy of L u g) L v , in such a way that the copy 
of L u ® L v (g> L z contained in both L u ® v g> L z and L u g) L v ® z is the same. The 
second property is that the projection from L u ® v ® z to L u ® v (g L z actually takes 
L u g L v ® z onto L u ® L v ® L z (Theorem 7.3). 

We call any functor 2f from a generic tensor C*-category T to the category 
of Hilbert spaces satisfying the above properties, quasitensor (Sect. 3). We 
show that quasitensor functors, like the tensor ones, have the property that if 
p is a conjugate of p then the Hilbert space ^(p) must be a conjugate of ^(p), 
although this conjugate must be found in the image category of enriched with 
the projection maps from the spaces 9 r (p <g a) onto 1(p) ® -F(<j) (Theorem 3.7). 
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This result easily shows that ^(p) is automatically finite dimensional and 
endowed with an intrinsic dimension, in the sense of [15j . bounded below by 
the Hilbert space dimension of J(p) and above by the intrinsic dimension of p 
(Cor. 3.8). 

This result applied to the spectral functor L allows us to identify the quan- 
tum multiplicity of a spectral irreducible representation of an ergodic action of 
[2 , with the intrinsic dimension of L Ul and to recover the multiplicity bound 
theorems of [3] and [2] • The maximal quantum multiplicity case corresponds to 
the case where for any irreducible u with conjugate u, is already a conjugate 
of L u in the image of L (see Cor. 7.5 for a precise statement). 

The spectral functor determines uniquely the *-algebra structure of the 
dense *-subalgebra of spectral elements. Our main result is a duality theorem 
for ergodic C*-actions of compact quantum groups, showing that any quasiten- 
sor * -functor 3" from the representation category of a compact quantum group 
G to the category of Hilbert spaces is the spectral functor of an ergodic G-action 
over a unital C*-algebra (Theorem 9.1). 

Isomorphisms between two constructed ergodic systems correspond bijec- 
tively to unitary natural transformations between the corresponding functors 
splitting as tensor products over a tensor product subspace (Prop. 9.4). 

Our main application of the Duality Theorem 9.1 is to inclusions of tensor 
C*-categories. In fact, quasitensor *-functors defined on the representation 
category of a compact quantum group G arise very naturally from tensor *- 
functors p : Rep(G) — > T: just take the map associating with a unitary G— 
representation u the Hilbert space (t,p u ), and with an intertwiner T € (u,v) 
between two representations, the map acting on (t, p u ) as left composition with 
p(T) (Example 3.5). Therefore for any tensor * -functor p : Rep(G) — » T, our 
duality theorem provides us with an ergodic G-action over a unital G*-algebra, 
having the spaces (t,p u ) as its spectral subspaces (Theorem 10.1). 

Among quasitensor functors, those arising from quantum quotient spaces 
share the property of being subobjects of the embedding functor H associating 
to any representation u its Hilbert space H u . In fact, for these functors, one 
can find a natural unitary transformation identifying the spectral subspace L u 
with the subspace K u of H u of all vectors invariant under the restriction of u to 
the subgroup (Theorem 7.7). For maximal compact quantum groups, we char- 
acterize algebraically the spaces of invariant vectors K u for a unique maximal 
subgroup K (Theorem 5.5). 

From this we derive our second main result. In order that a maximal ergodic 
action (23, rf) be isomorphic to a compact quantum quotient space, it is necessary 
and sufficient that there exists, for any representation u of G, an isometry from 
the spectral subspace L u onto some subspace K u of the representation Hilbert 
space, satisfying certain coherence properties with the tensor products (Theorem 
11.3). 
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2 Preliminaries 

2.1 Compact quantum groups and their representations 

In this paper G — (A, A) will always denote a compact quantum group in 
the sense of [27]: a unital C*-algebra A with a unital *-homomorphism (the 
coproduct) A : A — > .A ® .A such that 

a) A8t°A = t®AoA, with t the identity map on A, 

b) the sets {&<g>7A(c), 6, c € A} {I(g>6A(c), 6, c £ A} both span dense subspaces 

of A<g> A. 

Let ff be a finite dimensional Hilbert space, and form the free right A- 
module H ® A. The natural A-valued inner product makes it into a right 
Hilbert A-module. 

A unitary representation of G with Hilbert space H u can be defined as a 
linear map u : H u — > (g) A, with 7J„ a finite dimensional Hilbert space, such 
that 

(u(^i),u(^)) = (V,0)/, *l>,4>eH u , 

«®t01i = l®Ao« 1 

u(H u )I ® A is total in ® A. 

If m is a unitary representation, the matrix coefficients of u are the elements of 
A: 

:= l\ o it(^>), ip,<p<EH u , 

with £^ : A — > ® A the operator of tensoring on the left by <fi. Let u : 
i? u — > ® A be any linear map, and let (<^i) be an orthonormal basis of 
H u . Consider the matrix (ity) with entries in A, where := H.*^.u{4>j). Then 
u is a unitary representation if and only if the matrix (v,ij) is unitary and 

A(Uij) = J2k U ik ®u k j. 

The linear span Aoo of all the matrix coefficients is known to be a unital dense 
*-subalgebra of A, and a Hopf *-algebra G-o = (Aoo, A) with the restricted 
coproduct [2"7] . 

The category Rep(G) of unitary representations of G with arrows the spaces 
(u, v) of linear maps T : H u — > intertwining u and w: Tg)/o?i = i>oTisa 
tensor C*-category with conjugates [26]. Recall that the tensor product u ® u 
of two representations u and u and the conjugate representation m are those 
representations with Hilbert spaces H u ® H,, and iJ„ and coefficients, 

(«8n)^',^ := Uftfvp ,,/,', (j>, ip G H u ,<f)',ip' e H v , 

Ujfj*-!^ ■= («<M>)*> (f>,ip G i? U) 
respectively, where j : i? u — > TJu is an antilinear invertible intertwiner. 

U. 2 Spectra of Hopf * -algebra actions 
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Let C be a unital * -algebra and G — (A, A) a compact quantum group. 
Consider the dense Hopf *-subalgebra Goo = (Aoo, A) of G and a unital action 
77 : 6 — > 6 ©.Aoo OI it on 6 (where denotes the algebraic tensor product): r\ is 
a unital *-homomorphism such that 77 (g> t o 77 = 1® Aojj. 

We define the spectrum of 77, denoted sp(r)), to be the set of all unitary 
G-representations u : H u — > 7J„ .A for which there is a faithful linear map 
T : H u — > 6 intertwining u with 77: 



In other words, representing u as a matrix u — (uy) with respect to some 
orthonormal basis of H u , u £ 373(77) if and only if there exists a multiplct 
(ci, . . . , c<j), with d the dimension of it, constituted by linearly independent 
elements of C, such that 



For compact quantum groups this notion was introduced by Podles in |20j . as 
a generalization of the classical notion for an action of a compact group on a 
G*-algebra [9]. We show some simple properties of the spectrum. 

2.1 Proposition 

a) If u £ sp(rj) and if z is a unitary representation of G such that (z, u) contains 

an isometry, then z € sp(rj), 

b) if u G sp{rj) and u is a unitary representation equivalent to the complex 

conjugate 11* then u £ sp(rf). Here u* denotes the representation, in 
general not unitary, whose matrix elements are the adjoints of those of u. 

Proof a) If S € (z,u) is an isometry and T : H u — > C is a faithful intertwining 
map then T o S : H z — > 6 is a faithful intertwining map: 



b) If (ci, . . . , Cd) is a linearly independent multiplet transforming like the unitary 
representation u, then (c*, . . . , c* d ) is a linearly independent multiplet transform- 
ing like the complex conjugate representation u*, which, in general, is just an 
invertible representation, but equivalent to a unitary representation |25j . Let 
/i = (nij) € (u, u*) be an invertible intertwiner with a unitary representation u. 
Set fj :— ^2 p ^pjC* p . The multiplet . . . , fd) is linearly independent since p. 
is invertible, and transforms like u: 



■qoT = T®Lou. 




77 o (TS) = (770 T)S = {T®l)ouS= (TS) ® lz. 



rp 




r 



r 
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^2 VrsC* <S> U s j =y^f s tg) U s j. 
r.s s 

We denote the linear span of all spectral multiplets by C sp . Part a) of the 
previous proposition tells us that G sp is generated, as a linear space, by those 
nonzero multiplets transforming according to unitary irreducible G-represcntations 
(such multiplets are automatically linearly independent by irrcducibility). 

2.2 Proposition 

a) If T : H u — > 6 is any linear map satisfying rjoT — T ® iou then the image 

ofT lies in G sp . 

b) C sp is a unital *-subalgebra of G invariant under the Goo-action: r?(C sp ) C 

Gsp Aqq • 



Proof a) We can assume T / 0. Let us write u as a direct sum of unitary 
irreducible subrepresentations u\, . . . , u p . Let Hi be the subspace corresponding 
to Ui, for i = 1, . . . ,p. Since each Ui is irreducible, T is either faithful or zero on 
Hi. We can assume that there is a q < p, q > 1 such that the restriction Tj of 
T to Hi is faithful for i = 1, . . . , q and T = on Hi for i > q. Thus any element 
Tip in the image of T can be written as a sum ^ k<q Tkipu with Tk^pk 6 G sp 
now. 

b)The trivial representation is clearly in the spectrum with spectral subspace 
CI, so C sp contains the identity. If T : H u — > 6 and S : H v — > 6 arc faithful 
maps intertwining u and v respectively with 77, then the map 

H u ®H v ^e, V 8) -► T(i))S{4>), i)tH Ul <t>EH v 

intertwines the tensor product u ® v with r\. By a) T(ip)S(4>) lies in G sp , so 
G S p is an algebra. Furthermore the proof of part b) of the previous proposition 
shows that G sp is a *-subalgebra. 

Consider an action rj : H ^ T> ® A of G = {A, A) on a unital C*-algebra 
CB (with ® the minimal tensor product): a unital *-homomorphism such that 
?7<S> to?7 = £<g> A077. 

In the C*-algebraic case, one can similarly define, the spectrum of the action, 
sp(rf), and the spectral *-subalgebra H sp , a unital *-subalgebra invariant under 
the action of Goo. In the case where 23 = A and rj = A, yi sp = .Aoc. 

There is an alternative way of introducing the notion of spectrum. Let u 
and v be corepresentations of a Hopf G*-algebra on Hilbert spaces H and K 
respectively. Then we may define a coaction rj on the space (H, K) of linear 
mappings from H to K by setting 

r/(6) lu*, be (H, K). 

The above formulae may be used to define a coaction on (H , if) ® C for a 
G*-algebra C with the variables in 6 being spectators. If we are now given in 
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addition a C*-algebra 6 carrying a coaction r\ of A, then we can let it act on 
(H, K) ® 6 with the variables in if) being spectators. Combining it with 
the coaction of A on (H, K) defined by u and v as above we get a coaction (3 
on (H, K) ® 6. Since .A is not, in general, commutative, this coaction must be 
spelled out in detail. We have 

13(a) := vr](a)u*, a G {H, K) <g> 6, 

where w denotes w with lg inserted between the tensor product factors in v. 
Choosing orthonormal bases ipp, \r in H and K and expressing u, v and a in 
terms of these bases, the coaction may be written 

P( a ) = ^2 Xr*Pp®{le®v rs r](a sq )l e ®u* q ). 

Using this or the previous formula, it is easy to check that /3 is a coaction. 

The set of fixed points will be denoted (u <g> rj, v <g> rj). Restricting ourselves 
to finite-dimensional unitary corepresentations and allowing 6 to be just a *- 
algebra we define the spectral category Sp(C, 77) by letting (u<g> 77, i> ® 77) be the 
set of arrows from the object u ® r\ to the object v <S> r\ with the obvious law of 
composition. After choosing orthonormal bases, and setting 

a = ^ipfip* ® ats, 

s,t 

a e (u ® r], v ® rj) reads in coordinates 

r){a nm ) = ^I e ® v* nt a ts ® I A I e <g> 

t,s 

There is also a tensor product of a restricted nature in Sp(C,7y). If a G 
(u®ri,rm<g>ri), a = J2 s ,t 'Paipt ® a st, and b G {v®ri,ni®rj), b = I] Pj(Z A p /j* ® & p<? , 
where m and n are positive integers, then 

aTb := ^ ip s \ p ^l^* q ® a st b pq 

p,q.s,t 

is in (uTv®ri,mnL®vi). In fact, 77(0,54) = J2f a sf® u ft and 77(^9) = Y, g Kg® v gq 
so that 

il(a s tb pq ) = ^2 a s fb pg ® Uf t v gq , 
f,g 

as required. Notice that if a and & are unitaries then so is aTb. 

One can check that if S G (m', T G (u, 1/) and X G (u ® 77, v ® 77) then 
T O ® 1 G (u 1 <S> 77, 1/ <g> 77). 

An element of C« := (u®r], t®rj), where 1 denotes the trivial corepresentation, 
will be called a w-multiplet and may be thought of as a multiplet transforming 
according to the corepresentation u. More precisely, we have 

3 
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Thus these multiplets coincide with those introduced above when defining the 
spectrum. In fact, if we define the coordinates of T : H u — » C with respect to 
an orthonormal basis by Tfa := Tj and the coordinates of S G (u <£> ry, i <£> if) by 
S := Yli 0* ® &i then setting Sj :— T t defines a canonical isomorphism from the 
set of intertwining maps to (u (g) rj, t ® ry). 

If r\ : 6 — > C ® 71 and /3 : CD — » D ® 71 are two coactions of 71 and : C — > D is 
a morphism commuting with the coactions, i.e. k®Ij\or] = (3 ok then there is an 
induced functor fc* :Sp?7 — >Sp/3, k^{u®rf) := (u(E>/3) andfc*(C) = l(H„,H,,)<8>fc(C) 
for C e (u ® ry, w ® 77). Note that fc* being a "-functor of C* -categories will map 
unitaries to unitaries and isometries to isometries. 

2. 3 Multiplicities of spectral representations 

We call an action rj: 'B^'BfgiAotG — (A, A) on a unital C*-algebra 23 
nondegenerate if ?y(CB)/ ® 71 is dense in CB (gi 71. In [5^ the following result is 
proven. 

2.3 Theorem f20| Let ?7:!B^!B<g>7l be a nondegenerate action of a compact 
quantum group G on 23. Then for any irreducible u G sp(?y) there is a subspace 
W u C 23 containing any spectral multiplet tranforming like u, such that 

a) W u splits W u = ®iei u W u into an algebraic direct sum of subspaces W u , 

each of them corresponding to u. 

b) If fj is a complete set of inequivalent irreducibles in sp(n) then the linear 

span of {W Ul u G fj}, which coincides with the spectral * -subalgebra 23 sp , 
is dense in 23. 

The cardinality of the set is called the multiplicity of the irreducible u in 
77, and it will be denoted mult(u). 

2.4 Quantum subgroups and quotient spaces 

A compact quantum subgroup K = (71', A') of G, as introduced in [20], is 
a compact quantum group for which there exists a surjective *-homomorphism 
7r : 71 — » A! such that 

7r®7roA = A'o7r. 
A closed bi-ideal 3 of 71 is a norm closed two-sided ideal of 71 such that 

A(3) C7l®J + J(g)A 

There is a surjective correspondence from quantum subgroups of G and closed 
bi-ideals of 71, which associates to a subgroup defined by the surjection 7r, 
the kernel of tt. Subgroups defined by surjections with the same kernel are 
isomorphic as Hopf C* -algebras [18] . 

The subgroup K acts (on the left) on the C*-algebra 71 via 

S := 7r <g> 1 o A : 71 — ► A' <g> A. 
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The fixed point algebra 

A 5 := {T e A : S(T) = I®T} 

is denned to be the quantum quotient space of right cosets. This algebra has a 
natural right action of G: 

rj K := A \ A s:A s -»• A 5 ® A, 
known to be nondegenerate and ergodic [55], see also [TS]. We set: 

K\G:= (A s ,i lK ). 
One can similarly consider the action of K on the right on A: 

p:=i®7roA:A^A<g)A', 

with fixed point algebra 

A p :={TeA:6{T)=I<g)T}, 

called the quantum quotient space of left cosets. This algebra carries a left 
action of G: 

<n K := A \ AP :A P -^A®A P , 

and we set 

G/K:=(AP,r} K ). 

As in the group case, unitary representations of G can be restricted to unitary 
representations of K on the same Hilbert space: 

u \k'-= t ® K o u : H u — > H u <g) A'. 



2.4 Proposition [T^ If T £ (u,v) then T E (u \ K ,v \ K ) as well. So the 
map Rep(G) — > Rep(K), taking u —> u \k, and acting trivially on the arrows 
defines a faithful tensor *-functor. The smallest full tensor * -subcategory of 
Rep(K) with subobjects and direct sums containing the u \k, for u € Rep{G), 
isRep(K). 

We shall consider the subspace K u of H u of if-invariant vectors for the 
restricted representation u \k- this is the set of all k £ H u for which u fjc (fc) = 
k ® I. The dimension of -fT„ is the multiplicity of the trivial representation lk 
of K in it ["if. 

2.5 Proposition If is a compact quantum subgroup of G defined by the 
surjection it then for any representation u of G and vectors tp € H u , k 6 _ftT u , 
the elements u^^ — (ip, k)I and Uk,^ — (k, ip)I belong to the closed bi-ideal kern. 

Proof Notice then that for any ip s H u and k 6 K u 
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so u^p.k — {ip, k)I £ ker7r. On the other hand, picking an orthonormal basis (tpi) 
of H u , the condition for fc to be a fixed vector for u \k can be written 

^niujiMuk) = {i/>j,k)I, 

i 

where Uji := u^ j ^ i . Since the matrix (uji) is unitary, this condition can be 
rewritten in terms of u* and reads 

j 

or, taking the adjoint, 

^7r(M rj )(A;,Vj) = (k,A)I- 
j 

Thus we also have, for k e K u , tp G H u , u e Rep(G), 
(u \n)k^ = 7r(ufe,v) = (k,ip)I- 



As in the group case, we can construct elements of the coset spaces using 
invariant vectors for the subgroup: for any representation u of G, if we pick 
vectors k € K u , ip E H u , the coefficient lies in A s and u^^ lies in A p . We 
only show the former: if (tpj) is an orthonormal basis of H u : 

5{u k ^ 3 ) = it <8> i o A(u k ^ j ) = 
^ 7r(u fej ^ t ) <g> tijj = Jig (fc, = 7 (8i . 

z z 

Fix a complete set G of unitary irreducible representations of G, and set 

G K := {ueG:K u ^ 0}. 

2.6 Proposition The linear space generated by the matrix coefficients {uk^}, 
(resp. {u^, k},) as u e Gk, fc € 7f„, V € 77„, vary, coincides with A s sp (resp. 
A p sp ))- 

Proof Let V denote the linear space defined in the statement. We show, for 
completeness, that V is dense. Consider the conditional expectation E : A — > A 5 
onto the fixed point algebra, obtained by averaging the TC-action: E(T) := 
h' ®Lj\o8{T), with hi the Haar measure of K. Since A is generated, as a Banach 
space, by the coefficents of its irreducible unitary representations u^i^, ip 7 ip' € 
H u , the set {E(u^'^) : u G G, ip,ip' £ H u }, is total in A 5 . A computation 
shows that E{u^^) = J2 k h' ^{uip',4> k )u^, k ^, with {ipk} any orthonormal 
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basis of H u . By [35], h'n(u^'^) = h'((u \k)i/',#) — for all tp', <j) £ unless 
u \k contains the identity representation. Assume then that this is the case. 
Replace, if necessary, that orthonormal basis with another one such that u \k, 
when represented as a matrix with entries in A', becomes diagonal of the form 
diag(7, . . . ,I,v), with v a unitary representation of K which does not contain 
the trivial representation, so that h'niu^H^) = unless i < dim(K u ) and k = i. 
In that case, h' o 7r(u0 4> ^ 4 ) = 1. Therefore E{u^i_^) = u^i^ if tp' £ K u , and 
E(u^'^) = if if>' £ K^. We have thus shown that V is norm dense in A s . One 
can easily check that for any u £ Gk, <P G K u , the map tp £ H u — * £ A 5 
intertwines u with tjk, so V is contained in A s sp . Podles shows in [20] that the 
subspace W u described in Theorem 2.3 coincides with the linear span of {u^^}, 
<p £ K u , tp £ H u , so by Theorem 2.3, b) V = A s sp . 

As a consequence, the above subspace is a unital *-algebra endowed with 
the restricted action of the Hopf "-algebra Goo := (/too, A), still denoted by 

2.5 Stabilizer and kernel 

In this subsection we examine situations that should give rise to a compact 
quantum subgroup. 

Let a be an action of a compact quantum group G := {A, A) on a C*-algebra 
25 and tp a state of 25. We look for an appropriate notion of the stabilizer of tp 
under the action. Consider 

S v := {tt S Rep.A : tp <g> n(a(B)) = <p(B) ® L*, B £ 25.} 

Note that if G is a compact group, the irreducible representations of A arc 
equivalent to characters and labelled by the elements of G. Thus the irreducible 
part of S v corresponds exactly to the stabilizer of tp under the action. We now 
investigate the stability properties of S v . If W £ (tt',tt) is an isometry and 
tt £ S v then 

tp ® n'(a(B)) = W*ip ® n(a(B))W = W*tp(B) ® UW = <p(B) <g> V, 

so that tt' £ Stp. Similarly, if Wi £ (n i7 Tr) are isometries with J2i WiW* = 1^ 
and 7Tj G S 1 ^ for all i, then 

? 7r(a(B)) = y w w ® ^(«( B ))^r = ^ ® = ^o 1 - 

so that tt £ S v and 5 V is closed under subobjects and direct sums. If tt, tt' £ S v 
then 

tp ® (7T * 7r')(a(B)) = ® 7r (8 7r'(t ® A o a(-B)) = ® tt ® %'(a ®io a)(B). 
For any B £ 25 and A e A, we have 

ip ® tt ® 7r'(a = p(.B) 1^® tt'(A) = ^ ® t ® tt'(B ® l ff ® A). 



2 PRELIMINARIES 



13 



Thus for any C e 23 ® A, we shall have (^®7r(g)7r'oa(g) t(C) = 95 (g) i (g) 7r'(C), 
where (7 denotes C with a l ff inserted in the middle. Taking C = a(B), we get 

ip ® (?r * 7r')(a(B)) = p ® t§ t' («(£)) = ® W', 

so that tt * 7r' e S 1 ^. 

Before pursuing this line of reasoning, we ask when a surjective morphism 
tt : A — > 7r(A) defines a quantum subgroup of .A. We must be able to equip n(A) 
with a comultiplication A' such that tt <g ttA — A'tt. This equation will have a 
solution if and only if tt(A) = implies tt <S> nA(A) = 0. Any solution is unique 
since tt is surjective and for the same reason A' will be a comultiplication because 
A is a comultiplication. Finally, tt(A) ®IA'n(A) and I tg>ir(A)A'Tr(A) are dense 
in ir(A) <g> n(A) since A <g) IA(A) and I ® AA(A) are dense in A <g> A. Thus 
we have a simple necessary and sufficient condition for a surjective morphism 
tt : A — > 7rA to define a quantum subgroup which may be written 

ker7r * tt D kerir. 

We now pick one representative 7Tj from each equivalence class of finite- 
dimensional irreducibles in and form the direct sum, say, tt = (Biei^i- To 
show that tt defines a quantum subgroup we must show that TVi(A) = for i e I 
implies ttj * iTk{A) = 0. But this is the case since, by the results above, ttj * tt^ 
is a finite direct sum of the ni, i G I. 

As an example of an infinite dimensional representation belonging to a sta- 
bilizer, consider the ergodic action t]k of G = (A, A) on the quantum quotient 
space A s by a quantum subgroup K, and let e be an everywhere defined counit 
of A, which we restrict to a state ip of A 5 . Let tt : A — > A 1 be the surjec- 
tion defining the subgroup, regarded as a representation of A. We compute 
ip ® tt(t]k{B)) on the elements f? = Ufe,^,, with fc e K u , ip e 

<8> TT(r]K{uk,4,)) = tp ® 7r(y^ Ufc,^ (gi u^,v>) = 

j 

3 

by prop. 2.5, and this expression equals in turn <p{uk^)® 1». Since the elements 
Ufe^ span a dense subspace of .A" 5 , we can conclude that tt £ S v . 

Similarly, we can look for the kernel of the action of a compact quantum 
group. Letting a : 23 — > 23 ® .A be the action of a compact quantum group on a 
C*-algebra 23, let 

K a := {tt e Rcpyi : 1 3 ® 7ra(B) = B ® 1^, Be 23}. 

Arguing as above, we may verify that K n is closed under subobjects, direct 
sums but there seems to be no reason for it to be closed under tensor products. 

Having failed to define the kernel of an action a, we can at least define 
an action to be faithful when the irreducible part of K a reduces to the trivial 
representation 1. 
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We may similarly talk of the kernel of a representation u : H ^ H ® A of a. 
quantum group by defining 

M u := {ir G Rep.A : 1 H ® Tru(ip) =ip®l v , ip g H}. 

Arguing as above, we may verify that M u is closed under subobjects, direct 
sums and tensor products and proceed to define the kernel of u as the quantum 
subgroup associated with M u . u is faithful when the irreducible part of M u 
reduces to the trivial representation i. 



3 Quasitensor functors and a finiteness theorem 

3.1 Definition Let 7 and 31 be strict tensor C* -categories [BJ. We shall always 
assume that the tensor units are irreducible: (t, i) = C. A (covariant) *-functor 
3 : 7 — > 31 will be called quasitensor if 

= t, (3.1) 
if for objects p, a E 7 there is an isometry 

S PlCT : 3(p) ® 3(a) -» J(p ® <r) (3.2) 

such that 

Sp,i = <S^t,p = l^Cp); (3-3) 

Sp®cr,T ° Sp,<T ® Is'(t) = >5p,o-®r ° l^Cp) ® So-.t =: Sp. a ^ T , (3-4) 

Ep®<j,T ° Ep^^ T < Ep^^r, (3-5) 

with J5 P)(7 G (3(p ® a),7(p cr)) the range projection of 5 Pj(T and E p ar g 
(3(p ® cr ® r), 3(p ® <r ® r)) the range projection of S p , a ,T t an d if 

3(5 ® T) o 5 P , CT = S>, CT , o 3(5) (g) 3(T), (3.6) 

for any other pair of objects p' , cr' and arrows S 1 G (p, p'), T G (cr, cr'). 

In this paper we shall only deal with the case where 31 is the tensor C*- 
category 3i with objects Hilbert spaces and arrows from a Hilbert space H to 
a Hilbert space H', the set (H,H') of all bounded linear mappings from H to 
H' . We shall assume that 3i is strictly tensor, namely that the tensor product 
between the objects has been realized in a strictly associative way. 

In order to economize on brackets, we evaluate tensor products of arrows 
before composition. Moreover in the sequel, for the sake of simplicity, we shall 
occasionally identify, with a less precise but lighter notation, 3(p) ® 7(a) with 
a subspace of 7(p ® cr), the image of S Pt(T - Equations (3.2)-(3.6) shall then be 
written: 

7{p) ®3(cr) c 3(p<g>cr), (3.7) 



Ep.L — E hp — l?(p), 



(3.8) 
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Ep.a ® Ig^-r) ° -^p®o-,T — Iff-(p) <8> Tj(j T o Ep tCr<SlT — : E PyCr ^ T , (3.9) 

£ P ® ff ,r ® 3^ ® t)) C J(p) ® ?(cr) ® ?(t), (3.10) 

® T) r?(p)^( CT) = ® J(T). (3.11) 

Equation (3.10) combined with (3.9) requires that the projection onto 5"(p ® 
cr) ® ^(t) actually takes the subspace J(p) ® 5r"(cr ® r) onto 5F(p) ® J(cr) ® 3'(t). 
Therefore we necessarily have 

E p .a,T — Ep® a . T o E PtCr @ T — Ep^t% r o Ep® a . T . (3-12) 



Notice that any tensor * -functor from 7 to is quasitensor. 

3.2 Example Assume that T = Rep(G), the representation category of a com- 
pact quantum group G. Then the embedding functor H : Rcp(G) — > J£ associ- 
ating to each representation u its Hilbert space H u and acting trivially on the 
arrows, is tensor, and therefore quasitensor. 

Quasitensor "-functors arise naturally in abstract tensor C* -categories. 

3.3 Proposition Let 7 be a tensor C* -category with = Cl t . For any 
object p of 7, consider the Hilbert space p := (i, p), with inner product 

(«')l:=f^' fafae{u, P ). 

For T e (p, a) define a bounded linear map T : p — > o by T{fa) = T o fa This is 
a quasitensor * -functor. 

Proof It is easy to check that, for T g (p, a), S G (ct,t), S o T = S o T and 
that T* = T*. This shows that we have a "-functor such that i = (i, i) = C. 
and (3.1) is satisfied. For <j> g p = (i, p), ip g a = (i,cr), the map fa ip — > 
0®?/; = <^®l (7 o^gp®cr = ((<, p ® <r) defines an isometric map from p ® cr to 
p ® cr. The copy of p ® cr f sitting inside p ® cr <E> f is the subspace generated 
by elements <f> ® l a ® T o ip ® l r o rj, for g p, ip g <r, g f , and it coincides 
with the copy of the same Hilbert space sitting inside p ® cr ® r, hence (3.9) 
holds. We now check (3.10). First notice that if fa is an orthonormal basis of 
cr then every finite sum ^finite Ip ® ('Pi ° 4 1 *) 1S an element of (p ® cr, p ® cr), 
defining, by composition, a projection map from p ® cr onto a subspace of p® cr. 
The strong limit of this net converges, in the strong topology defined by p ® a, 
to the projection map E p _ a . This shows that the projection map of E p ^ a ^ T is 

the strong limit of lp®<r ® ipi ° ; with ^gfaii orthonormal basis. Thus 
Ep0a-,T takes p ® cr ® r into p ® <r ® f, and the proof of (3.10) is complete. 

The following proposition is of help in constructing more examples. 

3.4 Proposition Let §, T be tensor C* -categories. If Q : S — ► T is a tensor 
* -functor and 7 : 7 — > 'K is quasitensor then 7 o S is quasitensor. 
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Proof Property (3.1) is obvious. Set £ := 7 o g. Since g is a tensor and 7 is 
quasitensor, 

£(p) ® £(<r) c j(g(p) ® g(<j)) - j(g(p ® a)) = £( P ® a). 

Hence (3.7) and (3.11) hold. Set := > g(<j) . This is the orthogonal 

projection from £(p ® cr) to £(p) ® £(cr), and it is easy to check that it satisfies 
properties (3.8), (3.9) and (3.10). 

Remark One can similarly show that if 7 is tensor and % is quasitensor then 
3^0 g is quasitensor. 

3.5 Example Let G be a compact quantum group, T be a tensor C*-category 
and p : Rcp(G) — > T is a tensor *-functor. If we compose p with the quasitensor 
*-functor T — > "K associated with T as in Prop. 3.3, we obtain an interesting 
'abstract' quasitensor *-functor 7 ' p : Rep(G) — ► "K with Hilbert spaces 7 p (u) = 
(t, p u ) and defined on arrows by 

5 , p(T)^:=p(T)0 = p(T)o0e(t, / o o ), S (i,p u ),T e («,«)• 

3.6 Example Apply the construction described in the previous example to the 
tensor C*-category 7 = Rep (if), where X is a compact quantum subgroup of 
G, with p given by the canonical tensor *-functor Rep(G) — > Rep(X) described 
in Prop. 2.4. We now obtain a 'concrete' quasitensor *-functor, that we shall 
denote, with abuse of notation, by K : Rep(G) — > where now K u = (lk,u \k 
) . We shall call K the invariant vectors functor. 

In Sec. 7 we shall exhibit examples of quasitensor ""-functors associated to 
ergodic actions of compact quantum groups. The rest of this section is devoted 
to showing the following theorem. 

3.7 Theorem Let 7 be a strict tensor C* -category and 7 : 7 — > TC a quasitensor 
* -functor. If p has a conjugate p in 7 then 7(p) is finite dimensional and 

dim7(p) = dim7(p). 

Furthermore if 7{p) ^ and if R e («,, p ® p) and R e (i, p ® p) is a solution 
of the conjugate equations for p in 7 then R := S£ o 7(R) G 7(p) ® 7(p) and 

R := S* p o 7(R) G 7{p) ® ^(p) is a solution of the conjugate equations for 7{p) 
in •K. 

Proof For the sake of simplicity, we shall use the simplified notation (3.7)- 
(3.11). This amounts to replacing S p . a by the identity and S* a by E p , a . Apply 
the functor 7 to the relation 

R* ® l p o l p ® i? = l p 

and get 

J(E0lp)*O J(lp®i?) = lg- ( p). 
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Using successively (3.11), (3.8), (3.9), (3.10), we get 

y(E®i„)(0)=9{E)®& ^ef(p). 
So __ 

(0, V) = (0, ^(iZ ® lp)* o J(l p ® i?)^) = 

(?(R) ® 0, o E p ®pjip ® J(i?)) = 
(E Pl? o J(i?) ® 0, ^ ® £^ p o J(i?)), 

so 

A * 

i? ® lg-(p) O l3-( p) ® i? = lgr (p) . 

At this point we can start over with p and obtain the relation 

R* ® 1?(77) ° ® = l?(p), 

which implies that ?(p) is finite dimensional as well with the same dimension 
as 5"(p). 

Recall that in a tensor C*-category with conjugates, the infimum of all the 

<WP) == II^IIPII 

is the intrinsic dimension of p, denoted d{p) 15J. If p is irreducible (in the 
sense that (p, p) = C) the spaces (t,p® p) and (t, p® p) are one dimensional, 
so any solution of the conjugate equations is of the form XR, pR with JlX = 1. 
Therefore in this case for any solution (R, R) of the conjugate equations, 

d(/>) = pz||p)|. 

3.8 Corollary If £F : T — ► is a quasitensor *-functor and if p is an object of 
T with a conjugate defined by R and R then 

dixn(J(p)) < d A £(J(/0) < ^(p). 

Furthermore ^(J(p)) = d fl ^(p) if and oniy if 3(R) € ImageSp^p and 5(R) € 
ImageSp.j. 

Proof Note that 

p{R)f = p{Rynm = MR*R)\\ = \\R\\ 2 , 
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so ||-R|| < ||-R|| and, similarly, ||i?|j < ||JJ||. Thus the last inequality follows. 
This also shows that d k ^{p)) = d R ^{p) if and only if ||i?|| = \\2(R)\\ and 

\\R\\ = H^iZ)!!, and the last statement follows. 

Let J : 3(p) — > $(fi) be the antilinear invertible associated to R, R by 
Jtp = r* o R. Then 

d 2 k J^{p)) = Trace(JJ*)Trace((JJ*)- 1 ). 

The first inequality is now a consequence of the elementary fact that for any 
positive invertible matrix Q € M n , 

n 2 < Trace(Q)Trace(Q" 1 ). 



In Sect. 7 we shall relate this result to the work of [2]. 

Let 5" : § — > T be a quasitensor functor and R, R be a solution of the 
conjugate equations for an object p of 8. Then, as we have seen, R := E PtP o3 r (R) 

and R :— E p _p o J(R) is a solution of the conjugate equations for J(p). We show 
that this construction has certain functorality properties. Given T £ (p,p') 
define T* by 

T* ®l p oR p := \ p ,®T*oR p ,. 

Then 

9(T' ® l p ) o = 9(l p , (g> T*) o J(i? P 0, 

so 

o ?(T* ® l p ) o = Ep,, p o ® T*) o J{R p ,), 

and then 

J(T*) ® i T(p) o i? p = ® y(r*) o i? p ,. 

It follows that 

J(T') ® l np) o i? p = J(T)" ® l np) o i? p , 

from which we get 

J(T)' = ?(T'). 

Now suppose that i?, is a standard solution of the conjugate equations. Then 
R = ^2 i Wi ® Wi o Ri, where Ri £ (t,piPi) and R\ 6 (t, pipi) are normal- 
ized solutions of the conjugate equations for the irreducible pi. Thus 3{R) = 
® Wi) o giving i? = £ P , P o = £ 4 J(Wi) ® o i?,. We 

similarly get 

fl = 5^ J(Wi)® J(Wi)o ifc 

i 

Consequently, if the 3{pi) are irreducible, R, R is a standard solution of the 
conjugate equations for 
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For future use we note that S p _ a continues to be a natural transformation 
when antilinear intertwiners are allowed, as follows from the next result. 

3.9 Lemma If 7 : T — > !K is a quasitensor functor then for the antilinear 
operators J associated with solutions R, R of the conjugate equations we have 

Jp®<jS Pj(T — Sg,pJ a C5> Jp @p,cn 

provided R p ^ a ■= 1* ® R P <8 1<t ° #p- 

Remark For a discussion of antilinear arrows see [19j . where it is pointed out 
that J a ® J p o Q p a is a natural tensor product to use for antilinear arrows. 
Proof. Identifying 7(p) <8> ? (cr) with a subspace of 7(p Oct), we have to show 
that 

Jp®a4> ®4> = J a <t)® Jplp, ip G 3{p), <t> e ^(cr). 
If x e ^(p ® cr) then r* o i? p(8(T = J p ® a X- Hence 

= o # p(8(T = 
o Bs-gi^pgff^la ® i? p ® 1 CT o Rfj ) = 

r V>®0 ° 1 3 r (*®p) ® ^p," ° E 0®P,P®<y3{lg ®R p ®l a ° Ra)- 
On the other hand by (3.9), 

lg r (s®p) ® -E'pjO' ° Eg^p^p&a = E s ^p^ p <8 ly( CT ) o Egt^p^p^, 
hence the last term above equals 

r ^®0 ° ^Wp.P ® i^Ctr) ° Es®p®p,v ° 9"(1<t ®Rp® la) ° 3{R<j)- (3.13) 

Now by (3.11), 

J(l ff ®R* p ® l a ) o E s ®p® p , a = J(l 9 (8) i?*) (8> lgr ((T ) o Ev®p® PftT = 
E s ^ o ^(Ict (8 i?*) (8 1 ?((T ) o E 9 ®p® Pta , 
hence taking the adjoint, 

Eg®p®p,a O ?(lff ® Rp ® l<r) = ^(lff ® #p) ® 1?(<t) Eit,* = 

and (3.13) becomes 

^®P,P ® Is-(a) ljF(ff) ® HRp) ® ° Ej{j _ cr o (3.14) 

Now 

Eg-g,p,p E s .p%p — lj(g-) <8 i?p,p o E St p^ p 

and 

£a,p®p O lgr (ff) ® IF(i? p ) = lgr (ff) ® ?(i? p ) 

so (3.14) equals 

r W ° 1 9 r (s) ® ^p ® i^co-) ° = Jo<t> ® Jpi 3 

as required. 
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4 Concrete quasitensor functors 

Let G be a compact quantum group. In this section we construct quasitensor 
"-functors Rcp(G) — ► "K which associate a subspace K u of the representation 
Hilbert space H u with the representation u, and generalize the invariant vectors 
functor associated with a compact quantum subgroup K oi & compact quantum 
group G described in Example 3.6. 

For each unitary representation u of G, we suppose assigned a subspace K u 
of the representation Hilbert space H u , and we look for sufficient conditions on 
the projection maps E u : H u — > K u . 

4.1 Lemma For u G Rep(G), let E u : H u — > H u be an orthogonal projection 
such that 

E, = 1 C) (4.1) 
TE U — E V T, TG(u,v), (4.2) 
E u ®E v =I®E v o E utg>v . (4.3) 

Then the * -functor: 

E-u • E u H u , 
K T :=T \ Ku e (K U ,K V ) 

is quasitensor. 

Proof Property (3.1) follows from (4.1). Multiplying both sides of (4.3) on the 
right by E u ® v and taking the adjoint gives 

E u <8> E v o E u ® v = E u <g) E v — E u ® v o E u <g) E v , 

so the subspace K U ®K V of H U ®H V is contained in K u ® v , and this shows (3.7). 
We show (3.11). For S G (u,u'), T G (v,v'): 

K s ®t \k u ®k v = {{S ®T) \k u!8)v ) \k u ®k v = 

In this case the projection E UyV : K u ^ v — > K u ® K v is given by the restriction of 
E U ®E V to K u ® v , so (3.8) follows easily. Since the copy of K U ®K V ®K Z sitting 
inside K u ® K v ® z and K u ® v ® K z is, in both cases, the subspace K u ®K V ®K Z 
of H u (g) H v H z , (3.9) is satisfied. It remains to check (3.10). If H and H' 
are Hilbert spaces, we consider the operators of tensoring on the right of H by 
vectors G H'\ 

r : tpeH^tp<S)<j>€H<S)H'. 

Now (4.3) implies that E u ® E v o E u ® v = I ® E v o E u ® v . Thus if ^ G K uf $ v 
and cj> e K v then r£(V>) G ff u . If then V' € ^ then V' (rJV) G K Z ®K U . 
Now choose = <j>k, an orthonormal basis of /f„, apply the operator r0 fe , use 
the fact that on K z ® u ® v , J2k r 4>k r % k converges strongly to the projection map 
E z ®u,v onto K z ® u (g) K v and obtain the desired relation. 
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The property that the isometric inclusion map K u (£> K v C K u ® v be simply 
the identity map is well described by the notion of quasitensor natural trans- 
formation. 

4.2 Definition Let 3*, S be quasitensor *-functors from a tensor C*-category 
T to the tensor C*-category of Hilbcrt spaces "K. Let Sp and Sjf be the 
defining set of isometries for J and S respectively. A natural transformation 
rj : 5F — > 9 will be called quasitensor if for objects p, er 6 T, 

?7 t : 5"(t) = C — > S(t) = C is the identity map 

4.3 Proposition Let K : Rcp(G) — > J{ be the quasitensor *-functor obtained 
from projections (E u ) satisfying properties (4.1)-(4.3). Then the inclusion map 
W u : K u — » H u defines a quasitensor natural transformation from the functor 
K to the embedding functor H : Rep(G) — ► "K. 

We next show that the invariant vectors functors associated with quantum 
subgroups, fit into this description. Let K be a compact quantum subgroup 
of G with Haar measure h', and, for an invertible representation u of G, let 
■ H u — » H u be the idempotent onto the subspace of u \k~ fixed vectors 
obtained averaging over the if -action: {if)) — t (g) hi o u \k (ip)- If u is 
unitary, E^ is a selfadjoint projection. Indeed, 

(E?ty i ),4 j ) = h>(n(u ji )) = h'(n(u* ji )) = 

since the Haar measure /i' of K is left invariant by the coinverse k' |25j . 

4.4. Lemma If it and v are invertible and finite dimensional G '-representations, 
and K is a compact quantum subgroup of G then for any T £ (u \k,v \k), 
thus in particular for any T £ (u, v), 

ToE«=E*oT. 

Proof For ip S H u , 

T o E* (ip) = Ti <g> ti o u \ K (ip) = 
i ® h'{T ® Ju tK (VO) = 1 ® tif TO))) = 

We thus obtain another proof of the fact that the invariant vectors functor 
is quasitensor. 
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4.5 Theorem If K is a compact quantum subgroup of G, the projections 
u — > E^ satisfy properties (4.1)-(4.3). Therefore the associated invariant vec- 
tors functor is a quasitensor * -functor and the inclusion map K u — ► H u is a 
quasitensor natural transformation from the functor K to the embedding func- 
tor H. 

Proof We check properties (4.1)-(4.3) on the projections E^ . Clearly (4.1) is 
verified, and (4.2) follows from the previous lemma. Since the tensor product 
of iWinvariant vectors is a if -invariant vector for the tensor product represen- 
tation, we have: E^ <g> Eff < E^ v , and (4.3) becomes equivalent to 

E u ® E V E U®V = I ® E v ° E U®V1 

or, in other words, to the fact that if ip G K v , r\ G K u ® v then r^(n) G K u . 
In order to verify this property, we use the fact that the restriction to if of a 
tensor product representation is the tensor product of the restrictions, so 

V € K u<8v = (i, (u ® v) \ K ) = {t, u \ K ®v \ k ). 

Using ip e K v = (i, v \ K ), too, gives, 

r^iv) = l u\ K ® tp* °V e (i,u \ K ) = K u , 

where the operations are to be understood in the tensor C*-category Rep(if). 

Remark Notice that a similar argument shows that the projections E^ also 
satisfy 

E?®E? = E?®IoE* av . (4.4) 

Remark Notice that if G is a maximal quantum group (i.e. obtained from its 
smooth part Aao by completing with respect to the maximal C*-scminorm) and 
K is the trivial subgroup (corresponding to the counit e : A — > C of G) then the 
associated functor K coincides with the embedding functor H : Rep G — > "K, 
which is tensor. At the other extreme, if K = G, K u = (t,u), and this is 
not a tensor functor, as K u = Ku = 0, for example, if u is irreducible, but 
Ku®u = {l,u®u)^ 0. 

We next construct certain maps which will be useful later on when describing 
multiplicities of spectral representations in quantum quotient spaces. Given a 
unitary representation u : H u — > H u ® A, we set 

u K := ® I o u : H u -> K u ® A. 

For any pair of vectors (f>, tp G H u , consider the coefficients of u K : 

u ^ £ *4> ° u K (il>) = Z* e k(4,) ° U W = u E K(<t>),ii>, 

which belong to A s sp . So the range of u K is actually contained in K u A 5 sp : 

u K :H U ^K U QA%. 

The map u u K satisfies the following properties. 

4.6 Proposition Let u and v be unitary representations of G. 
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a) For any intertwiner T G (u, v), 

K T ® I o u K = v K o T, 

b) For <j) e K u , ft eK v ,ip e -0' g 

(it ® v )^®<j>' ,Tj>®il>' = u !p,ifi u !p' ,ip> ■ 

Proof a) 

v K oT = E^ ® I ovoT = E^ ® I oT ® I ou 
T(g)IoE^(g>Iou = K T (g> Iu K . 
Property b) follows from the fact that K u <g> K v C K u ® v , so 



5 Characterizing the invariant vectors functor 

For each u G Rcp(G), let E u be an orthogonal projection on the representation 
Hilbert space H u satisfying properties (4.1)-(4.3). In terms of the Hilbert spaces 
K u = E U H U , these conditions can be written 

K L = H L = C, (5.1) 

TK u dK v . Te(u,v), (5.2) 

r* k K u ® v cK Ul fee K v , (5.3) 

K U ®K V c K u<8v . (5.4) 
As a consequence of these conditions, one gets 

(i,u®v) C K u ® v . (5.5) 

In fact, pick T G (i,it ® u). Properties (5.1) and (5.2) show that for any A G 
K L = C, T\ G K u ® v , so T = Tl G K u ® v . In particular, thanks to (5.3), 

r* k TeK u , Te(i,u<g>v), keK v . (5.6) 

Now let m be a conjugate of u defined by R G {l,u®u), R G (t, u ® m), and let 
j : i?„ — ► TJtj be the associated antilinear invertible intertwiner defined by: 
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j 

with (0j) and orthonormal bases of _ff u and if^ respectively, that we choose 
to complete the orthonormal bases of the corresponding subspaces K u and K^. 
Property (5.6) applied to R and R shows that 

3 K U = K v . (5.7) 

When G is a group, conditions (5.1), (5.2), (5.4) and (5.7) are known to charac- 
terize a subgroup of G with the property that each K u is the invariant subspace 
of u in restriction to the subgroup [21]. 

We next show that the antilinear invertible operator j* defined by a solution 
of the conjugate equations may be regarded as an antilinear intertwiner from u 
to u. The intertwining property of R, when expressed in coordinate form, reads 

^ ^ UjjUqpR(ip^ R^jqy 
i . p 

Expressed in terms of j and using the unitarity of it, we get 

P j 

Now, if A G A, 

(ip q <g> AJ- 1 * ®* utp) = ^(ipqJ-^tp^A'u^^ipi) = ^2 A*u qp (ipp,j~ 1 *tp) 

i,j P 

= ^2((lPq ® A,Ulpp)(lp p , j- 1 * If) = (ipq® A.uj'^Lp). 
P 

Thus j -1 * <8>* u — uj -1 * and therefore j* eg)* -0 = uj*, which is the form of 
the intertwining relation for an antilinear operator. Note that this intertwining 
relation could alternatively be deduced as above by starting with R rather than 
R. 

Now, in view of what happens for compact groups, the question naturally 
arises of whether, given a compact quantum group G and subspaces K u C H u 
for each finite-dimensional unitary representation u of G, conditions (5.1), (5.2), 
(5.4) and (5.7) are still sufficient for the existence of a unique compact quantum 
subgroup of G whose the subspaces of invariant vectors are the K u . 

Uniqueness does not hold in general for compact quantum groups. In fact, 
one can have a proper subgroup K of a compact quantum group G with K u — 
(i, u) for any representation u of G: consider a group G with a nonfaithful Haar 
measure h and form the reduced group G ro d = (.Ared, A rcc i) obtained completing 
the dense Hopf *-subalgebra in the norm defined by the GNS representation tth- 
Since 7r^ : A — > A rc d is a surjection intertwining the corresponding coproducts, 
Gred becomes a subgroup of G. Since h is not faithful, tth has a nontrivial kernel. 
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In this sense, G ro d is a proper subgroup of G. Furthermore G re d has a faithful 
Haar measure, while G has not, so G and G re d are not isomorphic as Hopf C*- 
algebras. However, G and G ro d have the same representation categories, and 
therefore the same spaces of invariant vectors. 

We could have also considered the maximal compact quantum group, G max = 
(i m „, A max ) obtained completing the dense Hopf *-subalgebra with respect to 
the maximal G*-seminorm. There is again a surjection 7r : A max — > A inter- 
twining the coproducts, so G is a subgroup of G max , and we still have 

Rep(G max ) = Rep(G) = Rcp(G ro d), 

so G rc d is also a proper subgroup of G max with the same spaces of invariant 
vectors as G max . This example suggests that one possible way to get uniqueness 
is to restrict attention to maximal compact quantum groups. 

As far as existence is concerned, we start by showing the following result. 

5.1 Theorem Let G = (A, A) be a compact quantum group, and, for each 
u G Rep(G), let K u be a subspace of the representation Hilbert space H u 
satisfying conditions (5.1), (5.2), (5.4) and (5.7). Then there exists a compact 
quantum subgroup K of G such that K u C (lk,u \k) for u G Rep(G) and 
such that the linear span of {iik,<p,k G K u ,(f> G H u ,u G Rep(G)} is a unital 
* -subalgebra of the quantum quotient space A 5 . 

Proof Consider a complete set A of irreducible representations u of G such that 
K u ^ 0. Let M denote the linear span generated by the set 

i x 1,k u <P,k - (0, k)I, u G A, k G K u , <j) G H u }, 
in the Hopf G*-algebra A. It is easy to check that 

i 

with (fa) an orthonormal basis of H u . Therefore A (M) C AoodiM+MQCI. Let 
d be the closed two-sided ideal of .A generated by M. Then A(3) C A®d+3<S>A, 
so d is a closed bi-ideal. Consider the associated compact quantum subgroup 
K = (A/3, A') of G with coproduct A'(q(a)) = q®qoA(a), where q : A -> A/3 
is the canonical surjection. We show that K u C (ik,u \k)- For k G K u : 

u \k (k) = L®qo u(k) = 
L ® g(/l <Ai ® u 4> l ,k) — <f>i ® q{u^,k) = 

i i 

^^j® = k® I. 

i 

We are left to show that the linear span V of all the Uk,<t> is a unital *-subalgebra 
of A s . Since if u C (l,u \k), V is contained in A 5 , and / e V, as X, = C. 
Therefore it suffices to show that V is a *-subalgebra of A. On the other hand 
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the *-algebra structure of A recalled at the end of subsection 2.1 and properties 
(5.4) and (5.7) show that V is a *-subalgebra. 

Remark Under conditions (5.1), (5.2), (5.4) and (5.7) alone, one can not, in 
general, identify the subspace K u with the space of all the invariant vectors 
(ijf, u \k) for some quantum subgroup K of G. In fact there is an example, due 
to Wang [23] of an ergodic action 8 on a commutative C* -algebra 6 which is 
not a quotient action. Now the commutativity of C allows a faithful embedding 
of (G sp ,S) into a quantum quotient space by a quantum subgroup and a con- 
struction of subspaces K u satisfying the above equations (see Theorem 11.4). 
Such an embedding, though, can not extend to an isomorphism of the whole of 
C and therefore the K u can not be the spaces of all the invariant vectors. 

We shall be able, though, to give a positive answer if we replace (5.4) by a 
stronger, still necessary, condition, motivated by the following argument. 

In the group case, the representation category of G contains, among its 
intertwiners, the permutation symmetry: the operators 6 U>V G [u <g> v, v ® u) 
permute the order of factors in the tensor product. Consequently, for it, u, z G 
Rep(G), 

l u ® 4> ® lz k G K u ® vm , k G K u ® z ,(j> e K v . (5.8) 
In fact, by (5.4), (f)® k G K v( g, u( ^ z , so 1„ <8> ® l z o k = (8 l z )0 <& fe and this 
is an element of K u ® v ®z thanks to (5.2). 

On the other hand, (5.8) is still a necessary condition for the K u to be the 
invariant subspaces of the restriction of u to a quantum subgroup, as one can 
easily show using the same argument as the one used, in Theorem 4.5, to show 
the necessity of condition (4.3). Therefore, in the quantum group case, it seems 
natural to replace (5.4) by the stronger condition (5.8). 

Assume then that we have a functor K associating to any representation 
u E Rep(G) a subspace K u C H u satisfying (5.1), (5.2), (5.7) and (5.8). We 
consider, for u, v s Rep(G), the subspace of (H U ,H V ) defined by 

< H U ,H V >:= {R* (g) l v o 1„ (gi (/),(/) 6 Ku® v }, 

where R £ (i,u ®u) is an intertwiner arising from a solution of the conjugate 
equations for u in Rep(G). 

5.2 Proposition The space < H u , H v > is independent of the choice ofu and 
R. 

Proof If R' G (t, u (8) u) arises from another solution to the conjugate equations 
then there exists a unitary U € (u,u) such that R' = l u <g> U o R [15]. Since 

U® l v G (u®«,«(8»u), U® l v Ku® v = Kmv by (5.2). Therefore any <j>' G Kz® v 
is of the form U (8 l v 4> with <j> G K^® v . This implies R'* ® 1^ o l u ® ft = 
R <8) 1„ o 1„ ® 0. 

5.3 Proposition Foru,v G Rep(G), (u,v) C< H U ,H V >. 

Proof Fix a pair i? G (l,u® u) R G (l,u®u) solving the conjugate equations. 
Pick T G (w, v) and set <^>t : = 1« ® 7 1 o R, So ^ G (l,u®v) C Ku® v - Since 

1„ o l u (g) <^ = R* ® l v o 1 U(8S ® T o 1„ ® i? = 
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T o R* ® l u o 1„ ® R = T, 



we can conclude that T G< i?„, i?„ >. 

5.4 Proposition Tiic Hilbert spaces H u and the subspaces < H U ,H V >, as u 
and v vary in Rep(G), form, respectively, the objects and the arrows of a tensor 
* -subcategory of the category of Hilbert spaces. This category contains the 
image of Rep(G) under the embedding functor H, therefore it has conjugates. 

Proof Since (u,v) C< H U ,H V >, l u e< H U ,H U > for u e Rep(G). We show 
that if T G< H U ,H V > and S G< H V ,H Z > then S oT G< H u , H z >. In fact, 
writing T = R u ® 1„ o 1„ ® </> and 5 = i?„ ® l z ° Id ® ^ then 



as (j> ® r/> G -Ku<g>u®u<g>z and (1„ ® -Ru ® l z )*(0 ® VO G -Ku® z by (5.2). 

We next show that < H U ,H V >*=< H V ,H U >. Pick <fi £ Ku® v and set 
T = ~R* u ®l v o_l u (8) <j>. Then T* = 1„ ® 0* o fi„ ® 1^ . We use the_ solution 
Ru®v '■= lu ® -Ru ® lu ° -Ru G («., u (g) u (g) u ® «) and i?^^ := 1^ ® i?„ <g 1„ o 
R u G (t, u ® i; <g tJ <g u) of the conjugate equations for u®v. Thanks to (5.7), 
ijj := l vm (g <j)*Ru®v = j<t> G We have: 

R v ® l u o 1„ (g r/> = i?„ ® 1« o lu®u<gm (g 0* o l,,^ ® i?„ <g 1„ o 1„ (g Ry = 

1„ ® ol„ (g 1„ ofi* ® 1„ o l v ® E„ = 1„ ® 0* ol„ ® 1„ = T*. 

Therefore T* e< H V ,H U >. 

We are left to show that if 5 = i?* <g> l u > o 1„ (g G< H U ,H U > >, T = 
R v (g lu' ° lu ® ^ G< H V ,H V > > then 5 (g T G< H u ® v , H u t® v t >. Consider the 
following solution to the conjugate equations for u®t>: -Ru®u = l-®-R u ® lu°-Ru, 
-Ru®u = 1„ ® -Ru ® lu ° -Ru- Since r? := 1 F <g ® lu' ° ^ G -Kuigm<g>u'<g>u' by (5.8) 
then R* u(g)v (g l u - 0t ,/ o 1^ ® 77 G< H u(Sv ,H u ,® v , >. On the other hand, 



S o T = i?* (g l z o 1„ (g 1/) o i?* ig 1„ o 



l u ® = 



-R„ ® l z o i? M ® lu<giui8iz lu(gm<g>u ® lu ® <t> — 
R* u ®l z o l um , ® J?* ® 1 2 o l u ® (0 ® ?/>) = 
#*® l z ol„® (l-<g,i?*(g) l z (0(g>^)) <E< H U ,H Z > 




® lu'®u' 1 



u®t> ® »7 = 



R u ® lu'®u' lu ® -Ru ® lu«iu'(8)u' lu®u«iu ® ® lu' lu®u ® 1p = 
* * 

-Ru ® lu'®u' lu ® <f> ® lu' O lu ® R v ® lu' O lu®u ® ^ = 

5 ® lu' o 1„ ® T = 5 ® T. 



A compact quantum subgroup of G will be called maximal if it is maximal 
as a compact quantum group (recall that this means that the norm on the 
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dense Hopf *-subalgebra coincides with the maximal C*-seminorm). The above 
results lead to the following theorem. 

5.5 Theorem Consider the tensor C* -category of finite dimensional unitary- 
representations of a maximal compact quantum group G. Suppose for each 
representation u of G on a Hilbert space H u there is given a subspace K u C H u 
satisfying properties (5.1), (5.2), (5.7) and (5.8). Then the K u are the subspaces 
of invariant vectors for a unique maximal compact quantum subgroup of G. 

Proof Consider the category T obtained completing the spaces < H u , H v >, for 
u, v G Rep(G), with respect to subobjects and direct sums. This is still a tensor 
■"-category of Hilbert spaces with conjugates, now with subobjects and direct 
sums. Thanks to Woronowicz's Tannaka-Krein Theorem, we can construct a 
Hopf "-algebra (C, A'). Since Rep(G) c T, this Hopf *-algebra is a model, in the 
sense of [26], for the Hopf * -algebra constructed from Rep(G), which, in turn, 
is isomorphic to (Aoo, A). Therefore we can find a * epimorphism it : Aoo — > C 
such that A' on = irf&iroA. Set 3 '■= ker(7r). This is obviously a * -ideal, but also 
an algebraic coideal, as if a G 3 then b := t®7r(A(a)) must belong to the kernel of 
7T®te- Since ker(7r(8)te) = 3©C = Image(tg ®7r), we can find c G 3&A such that 
b = tg®7r(c). Set d := A (a) — c, which is easily checked to lie in ker(t/i (g>7r), that 
in turn, equals A®3- Then A (a) = c+d G 3QA+AQ3- Consider the completion 
A' of C in the maximal C*-seminorm, so A' extends to the completion. We thus 
obtain a compact quantum group (A 1 , A') and a *— homomorphism n : Aoo — * A' 
intertwining A with A' and with the same kernel as w, because the inclusion 
C C A' is faithful. Therefore we can extend tt to a * -homomorphism q from 
A to A' interwining the coproducts. This * -homomorphism is a surjection, as 
its range contains C, which is dense in A' . Thus (A' , A') is a maximal compact 
quantum subgroup of G, that we denote, with abuse of notation, by K. Since 
q{Aoo) — 6, and for any quantum subgroup one always has q(Aoo) — A'^, we 
deduce that 6 = A'^ . Therefore the representation category of the subgroup K 
coincides with the category we started out with: Kep(K) = T. In particular for 
any representation u of G, (ik,u \k) —< H U ,H U >= K u . If A'i = (Ai,Ai) is 
another maximal quantum subgroup of G with spaces of invariant vectors given 
by the K Ul then by Frobenius reciprocity, for any pair of representations u and 
v of G, (u \k-i,v \kx) is canonically linearly isomorphic to 

{l<K,U \ki ®W \kx) = (tK, (u ® v) \ki) = Ku®y 

But [u \k,v \k) is a lso linearly isomorphic, according to the same isomorphism, 
toKu® v , so (u \k i: v \k ± ) = (u \k,v \k)- Hence Rep (Xi) = Rep(i^). It follows 
that there is a * -isomorphism r\ : A\ao — > A'^ intertwining the corresponding 
coproducts, which extends to a "-isomorphism of the completions. 

We now give two constructions of subspaces K u C H u satisfying our equa- 
tions making no mention of a compact quantum group. Let T be a tensor 
G*-subcategory with conjugates of a tensor category of Hilbert spaces. The 
objects of T will be denoted by u,v, . . . as in the category of finite dimensional 
representations of a compact quantum group whilst the arrows will be written 
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for example as T G (u, v). We suppose that T comes equipped with a permuta- 
tion symmetry e. We now define 

K u = {ip G H u : e(u, v)<p l v — l v <p for all objects v}. 

Note that the defining condition can be replaced by e(v, u)l v <p = <p> l v f° r 
all objects v. But more is true: we have e(u, v)<p ip = ip ip provided either 
if G K u and ^ G H v or (yS G and ^ G ift,. 

We check the validity of our equations (5.1), (5.2), (5.7), (5.4) for this defi- 
nition of K. (5.1) is true by definition. If T G (u, v) and ip G K u then 

e(v, w)Tip l w = l w Te(w, w)(^ 1^ = 1^ Ttp. 

Thus (u,w)i^„ G K v , which is (5.2). If ip G and -0 G K v then 

s(u v, w)<p V ® lw = £ ( u > w ) ® 1d1« e(w, w)(^9 V ® 1«> = lt« <P V'- 

Thus K u K v C K u ® v , which is (5.4). Let i? G (i, w u) and i? G (i, u u) 
be a solution of the conjugate equations and define the corresponding antilinear 
operator j by: j<p :— r* o R = l a <p*_R. If 95 G if u then 

® If = la ® ¥>* ® lv ® If = 
l s (g)<^*® l„o£(w, u®u)ol v ®R = l a (g)i y 9*(g)l t ,ol a (g)e(u,u)oe(v,M)(X)l tt ol t ,(g)_R = 

l a It, (p* o e(u, u) 1„ o l v _R. 
Acting on the left by e(u, v), we get 

e(u, v)jtp l v — 1« 1« 93* o e(u, u) 1„ o e(u, u) 1„ o 1„ i? = 

1„ j>. 

This proves (5.7). 

In fact there is a further property, (5.8), valid here. 

la 4> lz fe G ^a®f«)z, fc G iVT u ®a, G K„. 

In fact, 

e(w ® w ® 2, w)(l u l z o fc) 1„ = 
e{u v, w) l z o l u ® v e(z, u>) o 1„ l z 1^ o k 1„ = 
e(u v, w) l z o l u l w l z o l u £(^, w) fc l w = 

l w la <t> l z e(u, w) l z o l u e(z, to) o fc 1„ = 
l w l u l z e{u v, w)k lu, = l w 0(la000l Z °fc), 
as required. 

A second example of defining subspaces K u C i?„ is the following. 
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Consider an inclusion A C 7 of C*-algebras and suppose that T is a tensor 
C* -category of endomorphisms with conjugates of A, where each object p of 
the category is induced by a Hilbert space H p of support / in 7. We suppose 
that A' n 7 = C then this Hilbert space is unique. We thus have an embedding 
of T in a category of Hilbert spaces in 7. 

Now suppose that 23 is a C* -algebra with A G 23 C 7 and set K p := H p n 23. 
The are Hilbert spaces in 23. In this case (5.1) and (5.2) are obvious. Pick 
a solution R, R of the conjugate equations of p. Note that j p (ip) ■= p(ip)*R E 
H p , where ip E H p . The inverse j p of j p is defined by jp-tp := p(ip)*R. It 
is easily checked that these operators are inverses of one another. If ip E K p 
then j p ip = p(ip)*R E 23 and (5.7) follows. If <p E K a and \ £ ^p®<7, then 



p(^)xF = p{4>*)pa{F) X = p(F)x- Thus p(0*) X E H p C\H = K p , verifying 



Note that we have another functor K from 7 to the category of Hilbert 
spaces, where Kt ■— T \ K p for T E (p, cr). It is not clear whether K satisfies 
(5.8). The problem is that we do not know whether p((f>) E 23. On the other 
hand we do have 



since if x G K pa then ip*x induces a and is thus in H a . But since ip and \ are 
in 23 their product is actually in K a . 

6 A Galois correspondence 

We set up a correspondence between functors K : u K u satisfying (5.1), 
(5.2), (5.7) and (5.8) above and closed bi-ideals 0. Given K we define K 1 - 
to be the closed ideal generated by the (tiy — SijI) for all i and all j < m u 
and all corepresentations u, where m u is the Hilbert space dimension of K u , 
and we have chosen an orthonormal basis of H u whose first m u vectors are an 
orthonormal basis of K u . Obviously, if K\ C K2, then C ■ Given 3, we 
define the functor 3 ± by ip E 3u if an d on ly if ( u — L i u )) i P S H u ® 3- Again, if 
3i C 02, then 3\^ u C Given i^T and u, if j < m u then 



Thus K u G if„ . Given 3, then if J G 3 , J is in the closed ideal generated 
by the (uij — SijI) for all i, j < m u and all u. But if j < m u then uifj = ft <g) 
(ujj — %/) G H u ® 3, so (u^ — SijI) E 3 and 3 ±± C 3- From these relations, 
we can derive the usual closure relations: K 1 - = K ±±± and 3 ± = 3~ L±± - 

Up to this point we have made no use of relations (5.1), (5.2), (5.7) and 
(5.8) but we now want to show that that K u = K^ 1 - and, by Theorem 5.5, it 
follows that the K u are the spaces of invariant vectors for a unique maximal 
compact quantum subgroup G' of G, where G' = (A/3, A'). We let n : A — > A/3 
denote the canonical surjection. Now, by definition, ip E 3u if ( u — L ( u ))f G 



(5.3). 



rK pa c k, 
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H u ® 3- But then 1 ® iru(<p) = (p ® J' so </? G Conversely, if <p G if M , then 
1 ® 7tmv? = 1 (g) iu(u)ip. But ker(l ® 7r) = i?„ ® 3 so </? e 3u ■ Thus lf u = 3u and 
^« X = 3u ±A - =K = K u as required. 

7 Functors arising from ergodic actions 

Consider a nondegenerate action r\ : 23 — > 23 ® A of a compact quantum group 
G = (A, A) on a unital C* -algebra 23. If rj is ergodic {H 71 = CI), much can be 
said about the spectrum of the action. 

Boca showed that any irreducible representation in the spectrum of rj has a 
finite multiplicity mult(u) bounded above by the quantum dimension q-dim(u) 
of u [3]. 

In [2] it was shown that mult(u) can be bigger than the Hilbert space di- 
mension of u. We shall outline, with a different notation, the main tools used 
in 0. 

For any unitary (not necessarily irreducible) representation u of G of finite 
dimension, consider the vector space L u of linear maps T : H u — > 23 intertwin- 
ing u with rj. For S,T e L u , ^T{ei)S{ei)* is independent of the choice of 
orthonormal basis (e^) of H u , and defines an element of the fixed point algebra, 
which, though, reduces to the complex numbers. Thus L u is a Hilbert space 
with inner product: 

{S,T)I:=Y, T (Pi)S{e i y. 
Note that if we regard S and T as elements of (u®r], t<E>rj), then (S,T)I = ToS*. 

7.1 Proposition The Hilbert space L u is non-trivial if and only if u contains 
a subrepresentation v £ sp(rj). In particular, if u is irreducible then u € sp(rj) 
if and only if L u ^ 0. 

For any intertwiner A 6 (u, v) let La ■ L v — + L u be the linear map defined 

by: 

L A (T) = ToA. 

It is easy to check that L is a contravariant "-functor. 

We obtain a covariant functor passing to the dual space. Consider, for any 
u G sp(n) another Hilbert space, L u , which, as a vector space, is the complex 
conjugate of L u , with inner product: 

(S,T) :=^S( ei )T( ei )* = (T,S) 

where (e,) is an orthonormal basis of H u . Identify the complex conjugate of L u 
with the dual of L u , and set, for A 6 (u,v), 

La ■ 4> € L u — > 4> o La S L v . 

This is now a covariant *-functor. The functors L and L are related by: 



L A (T) = L A *{T), Ae(v,u),TeL 
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7.2 Definition The functor L will be called the spectral functor associated with 
the ergodic action 77 : 23 — > 23 <S> A, and L u the spectral subspace corresponding 
to the representation u. 

7.3 Theorem The *-functor L : Rcp(G) — ► 5f is quasitensor. Therefore for 
any u G Rcp(G), L u is finite dimensional and dim(L u ) = dim(Ly). 

Proof The space L L is, by definition, the fixed point algebra, which reduces to 
the complex numbers, so L L = C = L L , and (3.1) follows. If S G L u , T G L v 
then the map S <S> T : tp (g) <f) € ff M ® — > S(tp)T(<j)) intertwines w ® w with 77, 
so S ® T £ L u ® v . If S" G £„, T' G is another pair, and (ei) and (fj) are 
orthonormal bases of H u and fft, respectively, then 

{S' ®T\S®T)I = ^S{e i )T{f i ){S\e i )T\f j )Y = (S' , S)(T',T)I, 

so the linear span of all S <S> T is just a copy of L u <g) L v sitting inside L u ® v . 
Moreover, if A G (?/, u), B G (V, u), S E L U ,T E L v , e G / G £f„' 

£a®b(S ® T)(e ® /) = {S ® T) o (A ® B)(e ® /) = 

S ® T(Ae ® Bf) = S(Ae)T(Bf) = 
L A (S)(e)L B (T)(f) = L A (S) ® L B (T)(e ® /). 

Hence 

Ta®b La ® Lb- 

Next we define an inclusion 

Su,v '• L u ® L v > L u ^ v 

by taking ~S ® T to S ®T, for S E L u , T E L v and hence S ® T G L u ®„. As 
for L, one can check that this inclusion is an isometry from the tensor product 
Hilbert space L U <E>L V to the Hilbert space L u ® v , and (3.2) follows. The relation 
between L and L on arrows shows that 

La®b \l u ,®l v , = La® L b , 

and this shows (3.6). Relation (3.3) is obvious for L and L as well. Equation 
(3.4) follows from the fact that if R G L u , S G L„, T G L z then (R ® 5) ® T = 
i? ® (S ® T). It remains to show property (3.5). We define, for any S G L„, 
T G L u ® v , a linear map 5(T) : i?„ — > 23 by 

5(T)(V)=^T(V®/ fe )5(/ fe r, 

which is independent of the choice of the orthonormal basis (fk) of iJt,. We 
check that S{T) G L u . In fact, on an orthonormal basis {tpi) of i?„, 

V o S(T)(V-i) = r?(^ Ttyi ® / fc )S(/ fc )*) = 
fe 
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]T v(t(A ® fk)MS(fk))* = ]T ( T ^- ® ® ® = 

fc r,s,k,p 

X] T (Vv ® fs)S(fp)* <g> u„w sfc f; fe = ^ T(Vv ® f s )S(f s )* ® = 

r,s,k,p r.s 

^S(T)(Vv)®«ri- 

r 

We have thus defined a linear map: 

S 1 : £«ignj — ► (7-1) 
Conjugating S 1 gives a linear map 

S : T E L U V — ► S(T) £ 

Consider the operator 

r(S) : L u -> L„ <g> £,„ 

which tensors on the right by 5 and the previously defined isometric inclusion 
map 

Su,v '• T u Z/^ ► L u ^ v . 

We claim that 

S* = S , tl ,„or(S). 

In fact, for T 6 L u ® v , T' e L„, 

(T 7 , S*T) = (ST 7 ,?) = 

(5(T0,T) =Y J T '^i ® fiWjYTtyiy = 
hi 

(T 7 ,TWS) = (T 7 , S UtV T <g> ~S) = 
(T 7 ,S u ,„or(S)T), 
and the claim is proved. Taking the adjoint, 

s = r(syos:. v , 

which implies 

&u,v = 51 r (Sp)S p , 

p 

with (S p ) an orthonormal basis of L v . Replace u with a tensor product repre- 
sentation u <8> z, and compute, for T e L„, T' 6 L z ign, 

p 
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^r(S p )(S p (T®T>)). 
v 

Now for ip 6 H u , 4> G 

S P (T 8 T')W> ®<f>) = £(T ® T ')W> ® ® fk)S p (fk)* = 

k 

two E T '(^ ® /*)$>(/*)* = T ® 4(^0^ ® </>) 
fc 

so 

o 5„,^„(T ® T 7 ) = ^ T ® 5 p (T') ® S p 
p 

and therefore 

^^^(ImageS^,^) C ImageS^^ 
and the proof is complete. 

Let u be a conjugate of u defined by R £ (l,u(£>u) and i? G (l,u(£)u) solving 

the conjugate equations. We shall identify the solution R, R of the conjugate 
equations for L u constructed in Theorem 3.7 and we shall relate it to the notion 
of quantum multiplicity introduced in [2] • 

We can write R = J2iJ e i ® e-i and R = £ fc j -1 /k ® fk, with j : H u -> if ¥ 
an antilinear invertible map and (e^) and (fk) orthonormal bases of H u and H— , 
respectively. 

For T £ L u , the multiplet T(e.i)* transforms like the complex conjugate 
invertible representation it*, so the linear map 

f eH~ u ^T{^y V^effa 

intertwines with 77. 

Consider the linear map 

Q '■ Hu* = -H« — * #u 

obtained composing the (antiunitary) complex conjugation if„ — > with j* — 1 . 
Regard 77„ as the Hilbert space for u*. The condition that R is an intertwiner 
can be written: Q £ (u*,u). 

Thus T o Q^ 1 : Hu — > C intertwines u with 77. We have therefore defined an 
antilinear invertible map 

J ■ L u > Ltu, 
J{T){i ) )=foQ-^)=T{j*m% 
with inverse J" 1 : T„ — > L u . 

J- 1 (S)(<f>) = SU*~\'l>))*, ^fl„. 
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If we conjugate J with the antilinear invertible map T G L u —> T € L u , we 
obtain an antilinear invertible 

If u is irreducible, the quantum multiplicity of u is defined in [2] by 
q-mult(u) 2 := Trace (77*) Trace ((JJ*)" 1 ). 

7.4 Theorem If u is irreducible, one has 

R = y £jT i ®T i , 

r~ = ^j^s^s" 

where (Tj) and (Sj) are orthonormal bases of L u and Lu, respectively. Therefore 

q-mult(u) = d k ^(L u ). 



Proof We need to show that for T € L u , r(T)* o R = JT. Recall that R = 
S^ U L R , so, with the same notation as in the previous theorem, 

r(T)* o R = r{T)* o S£, u oL R = foL R = f(L R ). 

In the last equation we have identified L R G (L L , Lu®u) with the element L R (l), 
with 1 E L L the intertwiner 1 6 H L — ► J € 23. Now 



Lfl(l) = £fl.(l) = loi2* 



so 



T(Lr) = T(l o R*). 



But 1 o i?* G Lji&u takes £, € ® H u to (R, hence T(l o i?*) e is the 
map taking ^ G to 

£(1 o R*){^ ® e 4 )T(e,)* = ^(i?, V- ® eOTfe)* = 

£ i 

Y,{M)T{^Y = ^(i*^,ei)T( ei )* = T(j»* = J(T)(# 

So T(l o R*) = J(T), and the proof is complete. 

As a consequence, we obtain the following result, proved in [2], in turn 
extending Boca's result. 
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7.5 Corollary Let r\ be an ergodic nondcgenerate action of a compact quantum 
group G on a unital C* -algebra ¥>. Then for any irreducible representation u 
ofG, 

mult(u) < q -mult(u) < q-dim{u). 

Furthermore q-mult{u) = q dim(u) if and only if Lr G ImageSu,u and L-^ G 
ImageS Ut u for some (and hence any) solution (R, R) to the conjugate equations 
for u. 

Proof We are stating, thanks to the previous theorem, that 
dim(L„) < d R ^(L u ) < d R<li (u), 

and this follows from Corollary 3.8 applied to the functor L. 

In the last part of this section we relate the functor L associated to the 
G-action on a quantum quotient space with the functor K of invariant vectors. 

7.6 Proposition Let K be a compact quantum subgroup of a compact quantum 
group G. A unitary G-representation u contains a subrepresentation of sp(t]k) 
if and only if K u ^ 0. In particular, if u is irreducible, then u G sp(rjK) if and 
only if K u ^ 0. In this case, mult(u) = dim(K u ). 

Proof Proposition 2.6 shows that any unitary irreducible G-representation v for 
which K v ^ lies in sp(rjK)- If u is any representation such that K u ^ then 
u contains an irreducible subrepresentation v such that K v ^ 0. So v G sp(i]k)- 
Conversely, if u contains a spectral subrepresentation u' and if z is an irreducible 
component of u', then by Prop 2.1, z G sp(i]k)- By Prop. 2.6 K z ^ 0, so K u ^ 0. 

For any tp G K u , we have a map T^ : H u — > A s sp defined by 

which actually lies in L u , as on an orthonormal basis of H u : 

m°T ij (e i ) = A(t^u(e i )) = 

y^J^u(e k ) ®t ek u(ei) —T^®io u{ei). 
k 

7.7 Theorem Let K be a compact quantum subgroup of G. The map 

U u : ip G K u -> % G L u 

is a quasitensor natural transformation from the functor u — + K u to the functor 
u — > L u such that U u is a unitary whenever K u ^ 0. 

Proof We first show naturality, namely that for A G (u, v), 

L A o U u = U v o Ka- 
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For ip G K u the right hand side computed on ip equals Ta$, and the left hand 
side equals 

L A (%) = L A » (T^p) = T^oA*. 

Now for (f> € H v , 

t%A* ® tv{4>) = t A4 ,v{4>) = r^(0), 

so 

We show that i7 M is isometric: 

(7V,7>)/ = ^T^( efc )r (e fe )* = 
k 

Y,^k){{UT<^)T = (iM)/ 
k 

by the unitarity of u. Now, if u is irreducible, then U u is known to be surjective. 
More generally, if Vi are irreducible subrepresentations of u and Si G (u, , u) are 
isometries such that J2i = ^ th en by naturality U u Ks t = ° U Vi , which 
shows that U U U* = I. Finally, restricting U u ® v to K u ® K v gives, for ^ G K u , 

ij/ g 

On the other hand for G i? u , (f>' E H V} 

T i>m ,(ct>®<t>')=t^ l (u®v){(t>®(l> 1 ) = 

e^ u (cf>)e;,v(ct>') = (i> ® ® 40 

so 

£W,W> ® VO = 3V ® 7V = 
7>®7> = U u (1>) ®U V (1/). 



8 Multiplicity maps in ergodic actions 

Let 77 : 23 — > 23 (§g) be a nondegenerate ergodic action of a compact quantum 
group G = (A, A) on a unital C*-algebra 23. Consider the Hilbert space L u 
associated with the unitary representation u, and an orthonormal basis (Tfc) in 
L u . Let 

c u : H u — > L u ® 23 
denote the linear map defined by 

c u {4>) =J2 T~k®T k (</»). 
fe 
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This map does not depend on the choice of the orthonormal basis of L u . We 
shall call the map c u the multiplicity map of u in r\. 

8.1 Proposition The map c u is nonzero if and only if L u is nonzero, i.e. if and 
only if u contains a spectral subrepresentation. 

Proof We need to show that c u = implies L u = 0. Indeed, if L u were ^ 
then for any orthonormal basis (Tk) of L u , Tk = 0. Since (Tk) is a linear basis 
of L u , we must have L u = 0. A contradiction. 

We can also represent c u as the rectangular matrix, still denoted by c u , 
whose fc-th row is (Tfc(ei), . . . ,Tk(edj), with (ej) an orthonormal basis of H u , 
d = dim(w), k = 1, . . . , dim(L u ). 

8.2 Proposition Let u contain a subrepresentation in the spectrum ofr\. Then 
the matrix c u satisfies the following properties. 

a) c„c* = I, 

b) each row of c u transforms like u, 

c) for any multiplet c transforming like u, cP u = c, with P u the domain pro- 

jection of c u . 

Conversely, if c' u G M Ptdim r u \CB) satishes a)-c) then p = dim{L u ) and c' u is of 
the form of c u . 

Proof Property b) is obviously satisfied, a) and c) are a consequence of the fact 
that (Tk) is an orthonormal basis of L u . We show uniqueness. If c' u is as in the 
statement then the rows of c' u lie in L u by b). Furthermore these rows must be 
an orthonormal basis of L u by a) and c). In particular, p — dim(L„). 

We next investigate the relationship between u — > c u and the functor u — > 
L u . Define general coefficients of c u : for <p S L u , G H u , set 

c u M := tlcuW e 03. 



8.3 Proposition The map c u : H u — > L u (g)13 satisfies the following properties. 
3u) La® I ° c u — c v o A, A 6 (u, v), 
b) for 4> G ^ G -0' G if„, 

_U(gHJ _ u u 



Let if be a compact quantum subgroup of G and iqk : A 5 ^ A 5 ® A the 
ergodic action defining the quantum quotient space K\G. We can then associate 
to any representation u of G the multiplicity map c^f. 

In the last part of Sect. 4 we have also defined, for any representation u, 
the map u K = <g> I o u : H u — » if^ yif Now consider the natural unitary 
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transformation U u : K u — > L u between the functors u — ► and u — > _L„ 
denned in the previous section. 

8.4 Proposition If t/ : K ^ L is the unitary natural transformation defined 
in Theorem 7.7, then for any representation u, 

U u ®LOU K =cf. 



Proof If (ipk) is an orthonormal basis of K u , we can write u K = J2k^ k ® -^V* ■ 
The rest of the proof is now clear. 

8.5 Corollary If (ipk) &nd (ej) are orthonormal bases ofK u and H u respectively 
the matrix (u^ k>e .) — (i^ k u(ej)) satisfies properties a)-c) of Prop. 8.2. 

We next show the linear independence of the coefficients of the c M 's for 
inequivalent irreducibles. The proof is obtained by generalizing a result of 
Woronowicz [25] stating the linear independence of matrix coefficients of in- 
equivalent irreducible representations of a compact matrix pseudogroup. 

8.6 Proposition Let r\ : 6 — * C A^ be an action of the Hopf * -algebra 
Goo on a unital * -algebra C, and let S be a set of unitary, irreducible, pairwise 
inequivalent, representations of G in the spectrum of r\. For each u G S , let 
c u = ( c ij) £ M Pu ,dim(u)(£) satisfy a) and b) of Prop. 8.2. It follows that the 
set of matrix coefficients {cfj,i = l,...,p u ,j — 1, ... , dim(u),u s S} is linearly 
independent in C. 

Proof Let F be a finite subset of S. Consider the linear subspace of ne fM Pu . dim(u), 

M := {®ueFC u p := ®uef(p(c%)), p G &}, 

with C the dual of C as a vector space and also the subspace of ®ueFM^ m r u ), 

B := {®ueFUa := ®ueF(cr(u pq )), a G A'^}. 

Notice that MB C M, since for p G &, a G A'^, u G S, c l pU a — c™ a , where 
p * a := p it o t). On the other hand, by Lemma 4.8 in [25], B = (B U £F Md u . 
Thus, for each fixed u° G F, choosing a such that u a is zero for m / m° and 
v? a is a matrix unit Q\ k , shows that for every p G C, every u° G F and every 

h,k= dim(u°) there exists p' E & such that A is zero if u ^ u° and c u °, is 

the matrix with identically zero columns except for the fc-th one, which coincides 
with the /i-th column of c" . Assume now that we have a vanishing finite linear 

combination in C: J2i,j, u X ij c ij = °- Thcn for a11 P' e e '- E Kjp'i^ij) = 
0. Choose F finite and large enough so that this sum runs over F. By the 
previous arguments, for every p G C, every u° G S and every choice of h,k. 
TZi K°kP( c il) = 0. It follows that 

X] A S C S = > h,k = l,...,d u o. 
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0* 

Multiplying on the right by c u p h , summing up over h and using c u o c o — J 
gives Ap° fc = for all u° G S, p = 1, . . . ,p u o, fc = 1, . . . , dim(u°). 

8.7. Theorem Let 77 : 23 ^ 23 ® .A be a nondegenerate, ergodic G-action of a 
compact quantum group on a unital C* -algebra 23. Let r) be a complete set of 
unitary irreducible elements of sp(rj). Associate with any u £ r) a corresponding 
multiplicity map c u . Then the set of all matrix coefficients 

{%c u ( ej ) = Ti(ej),ve fj, (%) o.n.b. ofL u , ( ej ) o.n.b. of H u ) 

is a linear basis for the dense spectral *-subalgebra 23 sp . 

9 A duality theorem for ergodic C*— actions 

We have seen in Sect. 7 that an ergodic nondegenerate action r\ of a compact 
quantum group G on a unital C*-algebra has an associated quasitensor *- 
functor L : Rep(G) — > "K to the category of, necessarily finite dimensional, 
Hilbert spaces. In this section we shall conversely construct from a quasitensor 
*-functor 5F an ergodic nondegenerate action having 5F as its spectral functor. 

9.1 Theorem Let G = {A, A) be a compact quantum group and : Rep(G) — > 
"K be a quasitensor * -functor. Then there exists a unital C* -algebra 23 y with an 
ergodic nondegenerate G-action r\-j : 23 — ► 23^ ® A and a quasitensor natural 
unitary transformation from the associated spectral functor L to 2f . 

The proof of the above theorem is inspired by the proof of the Tannaka- 
Krein duality theorem given by Woronowicz in [26] . A similar result is obtained 
in [2] for unitary fibre functors. 

Proof We start by considering a complete set 3 of inequivalent, unitary, irre- 
ducible representations u of G such that 5*(it) ^ 0, and form the algebraic direct 
sum 

e ? = ®ue$3{u) <g) H u . 

We shall make into a unital * -algebra. Consider, for each «£ J, orthonormal 
bases (Xfc) and (ej) of £F(u) and H u respectively, form the orthonormal basis 
(Tft (8 ei) of J'(u) ® H u . The linear map 

k 

is independent of the choice of orthonormal basis. Extend the definition of c u 
to all objects of Rep(G): first set c u = if u is irreducible but $(u) = 0. Then 
choose isometries Si G (ttj, u), with Ui £ 5", such that S^iS 1 * = /, and set 
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If Sj G (vj , u) is another set of orthogonal isometries with ranges adding up to 
the identity, S*S'j G (vj,Ui) are always scalars, by irreducibility, and nonzero 
only if Vj — Uj, so 

Multiplying on the left by 3 r (5'i), on the right by S 1 *, summing over i and j and 
using the fact that J is a *-functor, shows that c u is independent of the choice 
of the Si's, and one now has: 

3(A) ® I o c u = c v o A, Ae (u, v), u, v G Rep(G). 

For u, v G J, T ® <j> G ® H U ,T ® (j)' E ® if„, set 

(T® </>)(!* ® :=lT® T >°Cu®v(<i>®<i>')- 

In this way becomes an associative algebra with identity J = 1(8)1 G ^(i.)®!!^ 
We next define the "-involution on with the help of the conjugate representa- 
tion. This representation is defined, up to unitary equivalence, by intertwiners 
R G (l, u ® u) and R G (t, u ® u) satisfying the conjugate equations. If u is 
irreducible, the spaces (b, u ® u) and (t, u ® u) are one dimensional. For u G J 
consider orthonormal bases (T/), (e' p ) of 5F(?Z) and Hy- respectively, and set, for 
T£?(u),<PEH u , 

(t T c u (<j>)y := ^ S %U T! ® T)e* T , Cir (e' p )(<j> ®e' p ,R). 

i.p 

Any other solution to the conjugate equations is of the form (XR, ^R) with 
X,fi G C and JtX = 1, so the above definition is independent of the choice of 

(R,R). Recall that the pair (R,R) defines a solution (R,R) of the conjugate 
equations for 5F(«) as in Theorem 3.7. So writing 

# = X^ e * ® e * = X! ® 

fc i 

with (ej) and (/&) o.n.b. of H u and iJ^ respectively, and, again, with an analo- 
gous meaning of notation, 

R = Y JT i® T i = J2 T ^® rT ^ 

i k 
k i 

we obtain for the adoint the equivalent form 

(t T c u (cj>)y = t JT cu(r 1 *<p), 
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which is obviously independent of the choice of the orthonormal bases. Replac- 
ing u by u, and therefore R by R and R by R, and j and J in turn by their 
inverses, shows that 

(t T cum** = t T c u {<t>). 

We have thus defined an antilinear involutive map * : — * S3-. 

We next show that for u,v € cj> G H U ,T £ S'(tt), <f>' £ H v , T' <E 3{v), 

((T ® 0)(T' ® 0'))* = (2" ® ^')*(^ ® 

Choose irreducible representations (u r ) and isometries S r G (u r ,u ® i>) with 
pairwise orthogonal ranges, adding up to the identity. Then with an obvious 
meaning of notation, the previous equation becomes 

^Z^*J r -J(S r )'T®T' C — (Jr 1 * 8 *^® <t>') = £j v T>®J u T°vmUv *V i^ 1 *^). 
r 

Now recall from [15] that in any tensor C*-category with conjugates T there is 
an antilinear map 

0,o\) -» (p,ct) 

given by 

5 ->• £? := la <S> o 1^ ® 5* «) lp o i? CT (8> lp. 

Applying this to categories of Hilbcrt spaces, with conjugates defined by anti- 
linear invertible maps j p , j a , related in the usual way to R p and R a , one finds 
that 

S = ja O S o j- 1 . 

We claim, see Lemma 9.2, that = 3 r (5'), where the latter is defined using 

the antilinear invertible maps J pi J a . Also, if cr is a conjugate of a defined by 
(R a , Ra) and if r is a conjugate of r defined by i? r and R T then r ® a is a 
conjugate of a ® r defined by 

Ra®T = It® Ra Rt 

Ra®r = la <8> Rr ® la -Rtx- 

In conclusion, we obtain an antilinear map 

S € (p, o-®t) -> 5 £ {p,T<E)a). 

Thus for an intertwiner 5* from the Hilbert space p to the Hilbert space cr <8 r, 
S is the operator from p to t ® a given by 

S = jr® ja ° $a,T O 5 O j^ 1 , 

with i? ct ,t : c <8> r — > r <£> a the flip operator. Therefore the left hand side of the 
equation we want to establish equals 
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r 

r 

E^oy(S r )*o^,„oJ- 1 «.J- 1 (J t ,(T')«.J„(T))( J '- 1 3r ( 5 '*) J «®f® / ) OC «®«(^ V®ju V) = 
r 

r 

O u ®„(T®T') ° c ^«(j*~ V' ® = 

t-Xm^JviT') ° Cv®u{fv~ <i> ® il~ 4>) 

thanks to Prop. 3.9. So far we have obtained a unital "-algebra Cy. Consider 
the linear map 

?73-(T® 0) =T®u(4>), T £j(u),cj)£H u ,uE3. 
It is easy to check that r\-j is multiplicative and that 

T\y ® to 77gr = i (x) Ao 77gr. 

We show that 773- preserves the involutions. Recall that the relation R £ (t, u®u) 
is equivalent to the fact that the linear operator Q : E H u — > j*~ lr ip £ Hu lies 
in (u*,u), so 

m{{t T c u {ei))*) = m{f*jT c u(Qei)) = 

JT®u{Qel) = ^JT®f~ 1 e k ®u* kl = 
k 

m{i-T c u{ei))* . 

We introduce a state on Sy. Consider the linear functional /i on defined by 

h(T®<f>)=0 T £j{u),cj) £ H u ,u ej,«/ t, 
h(I) = 1. 

We claim that /i is a positive faithful state on Gg-, so has a C*-norm. 

Consider the conditional expectation E onto the fixed point *-subalgebra 
obtained averaging over the group action. Since the Haar measure of G anni- 
hilates the coefficients of all the irreducible representations u, except for u = 1, 
we see that E = h, and we can conclude that r\-j is an ergodic algebraic action. 

It is now evident that, for the maps, for T £ 1{u), 

^t-tP^h u ^t®iPeQ.j 

are elements of the Hilbcrt space L u associated with the algebraic ergodic space, 
and that elements of this form span L u . Therefore we obtain surjectivc linear 
maps, for u £ J, 

V u : T £ el„. 



9 A DUALITY THEOREM FOR ERGODIC C* -ACTIONS 



44 



We show that V u is an isometry, and therefore a unitary. For S,T € ^(u) , and 
an orthonormal basis (ipi) of H u , 

(v u (T),v u (s))i = J2iT(Ahs(AT = 

i 

i i 

Consider pairwise inequivalent irreducible representations w 1; . . .u N of G and, 
for a = 1, . . . , N, isometries s a j <E (u a , u ® u), with ranges adding up to the 
identity. Then the last term above becomes 

E E E ^-m®^) ® ^.(v, ® r - v<) = 

i a j 

E E ® < 

Q j 

Now s^jRu € (L,u a ), hence s^jRu — unless w Q = i. In this case N = 1 and 
s aj can be chosen to coincide with J?„||i? u || _1 . We conclude that the last term 
above equals 

IfRuir 2 ?^)* (T i J5) <g> ^ = itf T ® ® l t = 

(S,T)l t ®l t = (T,S)/ t . 

We extend V to a quasitensor natural transformation from L to 5". First set 
V u — if u is irreducible but J{u) — 0. Then for any representation u G Rep(G), 
consider pairwise inequivalent irreducible representations ii 6? and isometries 
s a ,j e ("a, u) decomposing u. Define a unitary map V u : ^(u) — ► L M by 

It is easy to check that V u does not depend on the choice of the isometries, it is a 
natural transformation and that one now has, as a consequence of the definition 
of multiplication in 6^, that for u, v € 5", 

V u ®v IV(u)(g>3» = V U ®V U . 

From this relation one concludes, with routine computations, that V is a qua- 
sitensor unitary natural transformation between L and 5 ' . Recalling the defini- 
tion of the maps c u at the beginning of the proof, one also has that, for tp e H u , 

v u ®ic u (ii>) =e^®^W' 
k 

and Cu is the multiplicity map associated with the functor L in the represen- 
tation u. Therefore we can now say that is linearly spanned by entries 
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of coisomctrics in matrix algebras over Q-j, the maps c u , so the maximal C*- 
seminorm on 6^ is finite. Completing 6^ in the maximal C*-seminorm yields 
a unital C*-algebra 23gr, a nondegenerate ergodic G-action 

with spectral functor L, and a natural unitary transformation from L to £F. 

We now claim the following. 

9.2 Lemma If S G (u, v) and if j u : H u — ► H^, j v : iJ^ — > iJjj are antilinear 
invertible maps defining conjugates of u and v respectively, with corresponding 
antilinear invertible maps J u : J(u) — > J„ : — > in the sense of 

Theorem 3.7, then 

HjvSj- 1 ) = J v ?(S)J-\ 

Proof Let R u , R u be the solution to the conjugate equations corresponding to 
j u , and, similarly, R v , R v the solution corresponding to j v . We need to show 
that 

^ ~ * 

3 r (l F ® J R u ol ir ®S'*(g> luoR v ®l M ) = h J( -)®R u ol nv) ®3{Sy ®U(jl)oR v ®\^ { u)- 

We shall use the simplified notation (3.7) (3.11), replacing S u>v by the identity, 

S* <v by E UtV , R with Eu, u ° R and i? by E u ^ o 7?. Properties (3.11) and (3.8) 
show that, regarding J(R V ) as an element of 3(y ® w), 

1^ = ^(^)0 1^). 

We next show that 

?(Lj ® R* u ) = ls(v) ® ?(iQ* o £^ M( ^. 
In fact, if £ G J(?T ® u <8> u) and 77 G ?"(«), 

fa, ?(1 ¥ ®R* U )Z) = (77, J(1 F ®^)*0 = 
(J(l T ®Su)»7,0 = fa® 3^,0 = 

(?7 <g> J(ii„), K,u®uO = (77, ® ^-Ru)* o £u,u®u£)- 

Pick a vector £ G 1(u). Then 

® K o i F ® s* o 1^ o <g> i w )c = 

1^) ® J(K) o Ek^iHU ® S)*(J(fl„)) ® C) (9.1) 
But thanks to (3.12), 

£Wt(?(1f® sypiR,,)) ® c) = ^^(wss)*^)) ® = 
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Ev, u {3{l-®S)*?(R V ))®( = 
Ev tU o ® S)*(?{R V )) ® C = ® 9 r (5)*(^, 1) o J(i^)) ® C = 
(ly ( -) ® ® C = ® ® ° ® !y(n)(C) = 

!?(-) <8> o Ief(-) O ^(5")* <S> 1^(3) o R v ® 1^(0 
Substituting back in (9.1) gives 
~ * 



9.3 Lemma The linear functional h is a faithful state on the *-algebra Cy. 

Proof For u,v G J, pick T G ^(u), 5 G J(u), G V £ H v . Choose 
isometries s a G (u a ,u® v), with u Q irreducible, with orthogonal ranges and 
summing up to the identity. Then 

(T® <£)*(£ ®^>) =f w °%»(irV®^) = 

Let ^4 be the subset of all a for which u a = i. Then for a g 4, (t,u® w) is 
always zero unless u = v. If this is the case, there is, up to a phase, just one s a , 
which is of the form X U R U , with X u = ||i?„|| _1 , because u is irreducible and the 
space ((-, u ® it) is one-dimensional. Thus 

= ^|A„| 2 (j(i?„)V, 1 T®5)* J R;i:-Vo^) = 

S u ,v\Xu\ 2 (Ru*JuT ® ® VO) = ^|A„| 2 (JT, JS)((t>,ip). 

If a G 6j is written in the form a = X^eFij V-if^i ® 'Pj w ^ n ^ a finite set, 
T" G ^(w), G H u orthonormal bases, the previous computation gives 

h(a*a) = Y. Tl&c <3u3u)- 1 W V U r J (JuT l ,J u T r ) > 0. 

mGF i,r,j 

If h(a*a) — then we can conclude that for all j, ^ fj,fjJ u Ti = 0, hence //^- = 
for all i, j, u, so a = 0. 

One can induce * -isomorphisms between two induced C*-systems (!Bj, ryy) 
and (235,779) using natural transformations. 

9.4 Proposition Let J, S : Rep(G) — > J{ be two quasitensor *-functors and 
let U : J — > S be a unitary quasitensor natural transformation. Then there 
exists a unique * -isomorphism a u : 23^ — > 23 g intertwining the corresponding 
G-actions, such that 

au(T® <f>) = Lvf® 0, Te?(«)^eF„,«eJ. 
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Proof It is easy to check that that formula defines a linear multiplicative map 
a u commuting with the actions. It is also easy to check that, for T 6 $(u), 

UuT* T o £f u = r* UnT o E% u o Uu® u - 

Thus 

UaJ*(T) = U^* T o E? >u o J(R U ) = 

r*u u T°El u oS(Ru) = JiU u T, 

which shows that a u is ""-invariant. Thus au extends to the completions in the 
maximal C*-seminorms. 



10 Applications to abstract duality theory 

As a first application of Theorem 9.1, we consider a tensor C*-category T and 
a faithful tensor "-functor p : Rep(G) — > T from the representation category of 
a compact quantum group G to T. Then, as shown in Example 3.5, one has a 
quasitensor *-functor 3 p : Rep(G) — » 3~C which associates to any representation 
u of G the Hilbert space Therefore we can apply Theorem 9.1 to "5 p 

and obtain an ergodic G-space canonically associated with the inclusion p. We 
summarize this in the following theorem. 

10.1 Theorem Let p : Rep(G) — + T be a tensor *-functor from the representa- 
tion category of a compact quantum group G to an abstract tensor C* -category 
T. Then there is a canonically associated ergodic nondegenerate action of G on 
a unital C* -algebra 23 whose spectral functor can be identihed with 3 ' p . 

The above G-space plays a central role in abstract duality theory for compact 
quantum groups. This matter will be developed elsewhere [7]. Here we notice 
some consequences of the previous corollary. 

The notion of permutation symmetry for an abstract tensor G* -category 
has been introduced in [6 . If G is a compact group, Rep(G) has permutation 
symmetry defined by the intertwiners $ u ,v £ {u®v,v®u) exchanging the order 
of factors in the tensor product. The previous theorem allows us to recover the 
following result. 

10.2 Theorem If G is a compact group, T is a tensor C* -category with per- 
mutation symmetry e and p : Rep(G) — > T is a tensor * -functor such that 
p($u,v) = £(pu,Pv) then there exists a compact subgroup K of G, unique up 
to conjugation, and an isomorphism of the G-ergodic system associated with p 
and the ergodic C* -system induced by the homogeneous space K\G over G. 

Proof We show that the G*-algebra associated with the quasitensor "-functor 
u — > (t, p u ) is commutative. This will suffice, as it is well known that any 
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ergodic action of a compact group on a commutative C* -algebra arises from the 
transitive G-action on a quotient space K\G by a point stabilizer subgroup, 
unique up to conjugation. We need to show that if u and v are irreducible 
then for k G (i,p u ), k' G (i,p v ), tp G H u , ip' G H v then k (g> ip and k' <g> tp' 
commute, as these elements span a dense *-subalgebra. Choose inequivalent 
irreducible representations (u a ) of G and isometries s a j G (u a ,u®v) such that 

EaEj S «j S aj — Thus 



(k ® tp)(k' ® tp') = ^2^2p(slj){k®l Pv ok')®s* a j(ip®ip'). (10.1) 

3 

$v,u-4>' ® i> = i> ® i>' 



a j 

Now 



and 

e(p v , p u ){k' ® l Pu ok) = e{p v ,p u )(k' ® k) = k <g> k' = k <g> l Pv o k'. 
Thus the right hand side of (10.1) can be written 



E E P( s * a ,j)( £ (PvPv) k ' ® X P» ° fc ) ® 4,A.«(V>' ® # (10-2) 
a j 

On the other hand e(p u ,p v ) o p(s a j) = p($ UtV ) o p(s QJ ), and this is the map 
that takes an element £ G (t, p Q ) to the element 

p(#u,v) ° P(Sa,j) ° £ = P^u.v ° S«j) ° £ € {i, p v ® p u )- 

Thus 

£(Ptt! Pv) ° P( s a,j) = P(&u,v ° S a ,j)- 

Set := o s a j G (u a ,ii ® w). Then (10.2) equals 



E E P(*a,i)(*' ® v ° fc ) ® ® # 

Since the isometries t a; j := o s aj j G (u a , v (3 u) give an orthogonal decom- 
position of u ® u into irreducibles, the last term above equals (k' <S> ip')(k <g> V 1 ), 
and the proof is complete. 

Recall that a q-Hecke symmetry for an object p in a tensor C*-category T 
is given by representations 

e n :H n (q)^(p® n ,p® n ) 
of the Hecke algebras H n (q) such that 

£ n +i(b) = e n (b) ®\ p , be H n (q) G H n+1 (q), 
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e„+i(«7(6)) = l p ® e n (b), b£H n (q), 

where a : H n {q) — > H n+ i(q) is the homomorphism taking each generator <7i of 
to g i+x . 

Also recall that an object p of T is called p-special of dimension d if there 
is a /i 2 -Hecke symmetry for p and an intertwiner R 6 (i, p® d ) for some d > 2, 
satisfying 

R*R = d\ q , (10.3) 

ir ® i P o i p ® i? = (d - ly.^-nf-Hp, (io.4) 

flfl* =e d (A d ), (10.5) 

e( 9l . . . g d )R ® l p = -(-/*)<*"% ® i?, (10.6) 

where g := p 2 , see |17j for notation. 

If 7 admits a special object of dimension d for some p > 0, Theorem 6.2 
in [T7] then assures then the existence of a tensor *-functor Kep(S (d)) — > 
T taking the fundamental representation u of SpU(d) to p and the canonical 
intertwiner 5 £ (t, u® d ) to i?, where u is the fundamental representation of 
(Sf l U(d)). We are thus in a position to apply Theorem 10.1. 

10.3 Theorem Let p be a p-special object of a tensor C* -category 7 with 
dimension d > 2 and parameter p > 0. Then there exists an ergodic non- 
degenerate action of SpU(d) on a unital C* -algebra 25 whose spectral functor 
can be identified on the objects with u® r — > (i,p r ), with u the fundamental 
representation of S l JJ{d). 

In the particular case where d — 2 the notion of a /i-special object of dimen- 
sion 2 simplifies considerably. 

10.4 Proposition If an object p of a tensor C* -category T admits an inter- 
twiner R £ (t,p® 2 ) satisfying relations 

R*oR=(l + q)l L , (10.7) 

R* <g> lp o lp ® i? = -pl p , (10.8) 

with /z > and q — p 2 , then p can be made uniquely into a p-special object of 
dimension 2 with intertwiner R 

Proof If e is any /z 2 -Hecke symmetry for p making p into a /i-special object of 
dimension 2 with intertwiner R, then (10.5) shows that RR* — £2(^2)- Since 
A2 — I+51, £2(^1) = RR* — lp® 2 - Therefore for all n, i = 1, . . . , n — 1, 

s„(g i ) = e n (a i - 1 (gi)) = 



<8> £2(51) = lp®i~i €5 (-R-R* - l p ®2) 
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and the symmetry is uniquely determined. Let us then show the existence of a 
symmetry using that formula. The orthogonal projection e = j^RR* g (p 2 ,p 2 ) 
satisfies the Temperley-Lieb relations 

e<g>l p ol p ®eoe®l l0 = (<7+i + 2) _1 e ® l p , 

1 V 1 

lp <g> e o e <g> l p o l p ® e = (g + - + 2) l l p <g> e 

thanks to (10.8). Since the Temperley-Lieb algebra TL n ((q + - + 2) -1 ) is the 
quotient of the Hecke algebra H n (q) by the ideal generated by A 3 (see [5]), 
there does exist a Hecke symmetry for p such that £2(51) — (q + l)e — l p ®2 = 
RR* - l p «2. Since A 2 = 1 + 51, £2(^2) = (q + l)e = i?o i?*, so (10.5) follows. 
We show (10.6) for d = 2: 

£3(52) o E <g) lp = (l p <g> (i?i?* - lp« 2 )) o R <g lp = 

-fj,l p ®R-R® lp, 

hence 

£3(5132) o i? (g) lp = ((iii?* - lp« 2 ) <g> lp) o (-/xlp <g> i? - i? «) lp) = 
fi 2 R ® l p - (q + 1) .R <g> lp + filp <g> E + R <g> l p = //lp ® i?. 

Remark There is a canonical isomorphism from Rep(S'pJ7(2)) to Rep(.A (F)) 

Relations (10.7) and (10.8) can be implemented in Hilbert spaces with di- 
mension > 2 in the following way. Let j be any antilinear invcrtible map on a 
finite dimensional Hilbert space H, and set R — ^ jei <S> e-i E H® 2 . Then, for 
this R, (10.7) and (10.8) become, 

Trace(j*j) = 1 + q, 



Consider the involutive antiunitary map c of H acting trivially on the orthonor- 
mal basis ej, and set F — jc and F = cFc. Then the above conditions can be 
equivalently written 

Trace(F*F) = l + q, 
FF = -p. 

The maximal compact quantum group with representation category generated 
by R is the universal quantum group A (F) defined in |22j . Therefore the 
fundamental representation of A Q (F) is a /i-special object of dimension 2 in 
Rep(A (F)). Theorem 6.2 in [17] then shows that there is a unique isomorphism 
of tensor C*-categories Rep(5 Al t/(2)) — > TLep(A (F)) taking the fundamental 
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representation u of S fl U{2) to the fundamental reprsentation of A a (F) and the 
quantum determinant S = r/'i <g> ^2 — mV"2 (t, u® 2 ) to i? = J e i ® e »- 

For related results, see Cor. 5.4 in [2], where the authors find similar neces- 
sary and sufficient conditions for the existence of a monoidal equivalence between 
a generic pair of universal compact quantum groups, and the result of Banica 
[T, where it is shown that the fusion rules of A Q (F) are the same as those of 
517(2). 

10.5 Corollary Let p be an object of a tensor C* -category 7 with an inter- 
twiner B € (i, p® 2 ) satisfying conditions (10.7) and (10.8). Then the unique 
tensor *-functor Rep(S ti U(2)) — » T taking the fundamental representation u to 
p and the quantum determinant S = V>i ® i>i — 6 (i, u® 2 ) to i? gives 

rise to an ergodic nondegenerate action of S li U{2) on a unital C* -algebra 23 
with spectral subspaces L u %t — (i,p r ). 

11 Actions embeddable into quantum quotient 

spaces 

As a second application of the duality theorem 9.1, consider the invariant vectors 
functor K associated with a compact quantum subgroup K of G. We know that 
this is just a copy of the spectral functor of the quotient space K\G. 

11.1 Theorem Let K be a compact quantum subgroup of a maximal compact 
quantum group G. Then the nondegenerate ergodic G-system associated with 
the invariant vectors functor K is isomorphic to the quotient G-space K\G. 

Proof It is clear from the construction of the dense Hopf *-algebra Ck in 
Proposition 2.6 that Gk is *-isomorphic to the dense spectral subalgebra oi A s , 
in such a way that the constructed G-action corresponds to the right G-action 
on the right coset space. Therefore we are left to show that the maximal G*- 
seminorm || ' ||i on Qk = A s sp coincides with the restriction of the maximal 
G*-seminorm || ' H2 on Aw Any Hilbert space representation of .Aoo restricts 
to a Hilbert space representation on A s sp , so || ' H2 < || ' ||i- Conversely, if it is 
a Hilbert space representation for A s sp , we can induce it up to a Hilbert space 
representation tt of A^ via the conditional expectation to : A^ — > A s obtained 
averaging over the action 6 of the subgroup. There is an isometry V from the 
Hilbert space of tt to the Hilbert space of tt such that V*tt(o)V — 7r(m(a)), for 
a € Aoo. In particular, if a € A s sp , n(a) = V*Tr(a)V, so ||7r(a)|| < ||7r(a)|| < 1 1 a- 1 1 2 , 
and Had! < ||a|| 2 . 

11.2 Definition An ergodic G-action 77 : 23 — > !B ® A will be called maximal 
if G is a maximal compact quantum group and if 23 is obtained completing the 
dense spectral *~subagebra with respect to the maximal G*-seminorm. 

Combining the previous result with the abstract characterization of the in- 
variant vectors functor K given in Theorem 5.5 and with Prop. 9.4, gives the 
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following characterization of maximal ergodic systems isomorphic to quotient 
spaces. 

11.3 Theorem Let (23, 77) be a maximal, nondegenerate, ergodic G-action. 
If there exists, for each unitary representation u of G, a subspace K u C H u 
satisfying properties (5.1), (5.2), (5.7), (5.8) and a quasitensor natural unitary 
transformation from the spectral functor L associated with (23, 77) to the functor 
K, then there exists a unique maximal compact quantum subgroup KofG such 
that (23, n) ~ K\G. 

The last application concerns a functor K satisfying conditions (5.1)-(5.4), 
which are weaker than the conditions describing the invariant vectors functor. 

11.4 Theorem Let G — {A, A) be a compact quantum group, and Q : 6 — > &®A 
a nondegenerate ergodic G-action on a unital C* -algebra C with associated 
spectral functor L. Then the following properties are equivalent: 

a) G sp has a * -character, 

b) there is a subfunctor K of the embedding functor H satisfying properties 

(5.1)-(5.4) and a quasitensor unitary natural transformation from L to K , 

c) there is a compact quantum subgroup KofG and a faithful * -homomorphism 

(j) : G sp — > A 5 intertwining ( with the G-action on the compact quantum 
quotient space K\G. 

Proof We first show that a) implies b). Let x be a "-character of G sp , and 
dchnc, for u G Rcp(G), the map r\ u : L u — > H u by 

Vu(T)=J2x(T(e i y)e l , 

i 

with a an orthonormal basis of H u . This map is an isometry, as 

{n u {T),n u {T)) = ^x(T( e ,)*)x(T'( ej )*) = x(£ T^T'^)*) = (T, T). 

i i 

Actually r\ is a quasitensor natural transformation from L to H, as for A G (u, v), 

TeJZ, 

V v (La(T)) = Vv (T7F) =J2x((TA*(f j ))*)f j = 

3 

Ex^'X/i,^)/,- =Y,x(T(e i y)Ae t = H A ( Vu (T)). 

i,j i 

and, for T G X^, T 7 G TT V , 

Vu^viT^T 7 ) = n um {TWF) = 
Y^x(T®T'(e i ®f j y)e i ®f j =J2x((T(e i )T'(f j )y)e i ®f j = 
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£ x(T(eO*)e< ® x(T'(fjT)fi = Vu(T) ® Vv(T'). 

i 3 

It follows that the functor _fiT u := r] u (L u ), Ka ■= A \k u , for A G (u, v) and u,v £ 
Rep(G) is a quasitensor *-subfunctor of ii". Therefore K satisfies properties 
(5.1), (5.2) and (5.4). We are left to show that (5.3) holds as well. Consider, 
for S G L v , the map S : L u ® v — > L u defined in (7.1). A straightforward 
computation shows that 

rj u oS = r*^ (S) o r) u ® v . 

Therefore 

Tk v K u §§ v c t) u (L u ) = K u , 

and this is relation (5.3). We next show that b) implies c). Thanks to Lemma 
4.1, K is a. quasitensor subfunctor of H. By Prop. 9.4 there is a faithful *- 
homomorphism <fr : G L — > C K intertwining the G-actions. Now, G K , regarded 
as the *-algebraic G-system defined by K, is *-isomorphic to the *-algebraic G- 
system defined by the linear span of the coefficients Uk,<p, with k G K u , f S H u , 
u G Rep(G), with the restricted G-action, thanks to the *-algebraic structure 
of A recalled at the end of subsection 2.1. This is in turn a *-subsystem of some 
quantum quotient space K\G, by Theorem 5.1. On the other hand the system 
(G L ,rfc) is in turn "-isomorphic to (G sp , £), and the proof is now complete. We 
are left to show that c) implies a). The range of <f> must be contained in the 
spectral *-subalgebra of A s because of the intertwining relation between the 
G-actions. Since A s sp is contained in the dense *-subalgebra of A generated by 
the matrix coefficients, it^^, we can define a ""-character \ on C sp simply by 
composing <p with the counit e of G. 

Remark Under the assumptions of Theorem 11.4, if one has an everywhere 
defined * -character on C and if the action ( and the Haar measure of G are 
faithful, one can construct a faithful embedding of the whole system (C, £) into 
a compact quantum quotient space K\G, as shown in Theorem 7.4 in [18j . 
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